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ABSTRACT

A matching set M in a graph G is a collection of edges of G such that no
two edges from M share a vertex. The matching polynomial of G of order
n is defined by u(G,z) = ZLEH} (—=1)"p(G, r)x™ 2", where p(G,r) is the
number of matching sets of G with cardinality r and p(G, 0) is considered
to be one. A graph that is characterized by its matching polynomial is
said to be matching unique. In this paper, we consider some parameters
related to the matching of regular graphs. We find the sixth coefficient
of the matching polynomial of regular graphs. As a consequence, every
cubic graph of order 10 is matching unique.
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1. Introduction

A set of independent edges of a graph G is called a matching of G. A
matching M is maximum if there is no matching in G with more edges than
M. The cardinality of any maximum matching in G is called the matching
number of G and is denoted by o/(G). If each vertex of G is incident with an
edge of M, the matching M is called perfect. Only graphs of even order n can
have a perfect matching and the size of such a matching is 3. A matching M
in G is maximal if no other matching in G contains it as a proper subset. The
cardinality of any smallest maximal matching in G is the saturation number
of G and is denoted by s(G) (the same term, saturation number, is also used
in the literature with a different meaning; we refer the reader to

(2009) for more information).

If a graph G has a maximum matching of size k, then any maximal matching

has at least size & (IBiedl et a1.| (12004 ). This implies that s(G) > #
We recall that a set of vertices I is independent if no two vertices from I
are adjacent. Clearly, the set of vertices that is not covered by a maximal
matching is independent. This observation provides an obvious lower bound
on saturation number of the graph G, i.e. s(G) > ("_72”') where G is graph of

order n (Andova et al. (2015)).

An r-matching in a graph G is a set of r pairwise non-incident edges. The
number of r-matchings in G is denoted by p(G,r). The matching polynomial
of G is defined by u(G,z) = 7E(J)(—l)rp(G,r)x”_”, where n is the order of
G and p(G,0) is considered to be 1 (see |Gutman| (1979, 1983} [2006), Gutman|
land Harary| (1983)). Two graphs are co-matching if their matching polynomials
are equal. A graph that is characterized by its matching polynomial is said to
be matching unique. Beezer and Farrell| (1995) proved that if H is a regular
graph of degree r on n vertices, and G is comatching with H, then G is also
regular of degree r on n vertices. Also they have shown that if G is a graph
that is comatching with a regular graph H, then G is a regular graph, and
G and H have the same number of vertices, the same degree, the same girth,
and the same number of cycles of minimal length. determined
all graphs whose matching polynomials have at most five distinct zeros. As a
consequence, he found new families of graphs which are determined by their
matching polynomials.

Computation of matching polynomial is equivalent to computation of the
number of k-matchings in the graph, for all k. The Petersen graph is one
of the famous graph which is a symmetric non-planar cubic graph of order
10. Behmaram)| (2009) established a formula for the number of 4-matchings in
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triangular-free graph with respect to the number of vertices, edges, degrees and
4-cycles. Also he has proved that the Petersen graph is uniquely determined by
its matching polynomial. The Petersen graph is one of the cubic graphs of order
10 and this is natural to study the matching polynomial of all of cubic graphs
of order 10 which some of them are not triangular free. |Vesalian and Asgari|
has obtained a formula for the number of 5-matchings in triangular-free
and 4-cycle-free graph based on the number of vertices, edges, the degrees of
vertices and the number of 5-cycles.

In the next section, after investigation of the saturation number and the
matching number of cubic graphs of order 10, we establish a formula for the
number of 5-matchings in regular graphs by using the method in ,
Beezer and Farrell (1995). Using our result, we present the matching polyno-
mial of cubic graphs of order 10 and conclude that every cubic graph of order

ten is matching unique.
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Figure 1: Cubic graphs of order 10.
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2. Main results

First we consider the saturation number of cubic graphs of order 10 as a
special kind of regular graphs. We recall that a cubic graph is a 3-regular
graph. There are exactly 21 cubic graphs of order 10 given in Figure [1| (see
Khosrovshahi et al.| (2001)). Note that the graph G;7 is the Petersen graph.
The following observation presents the saturation number of cubic graphs with
10 vertices. Note that s(Ga1) = 5.

Observation 2.1. (i) s(G;) =3 fori=1,2,5,8,12,16,17, 18.
(ii) $(G;) =4 fori=3,4,6,7,9,10,11,13,14, 15, 19, 20.

Since each 2-connected 3-regular graph has a perfect matching and a max-
imum matching in a disconnected graph consists of the union of maximum
matchings in each of its components, so we can conclude that every cubic
graph of order 10 has perfect matching. Thus for each 1 <14 < 21, o/(G;) = 5.

The domination polynomial and the edge cover polynomial of cubic graphs
of order 10 has studied in |Alikhani and Peng| (2011) and |Alikhani and Jahari
(2014), respectively. It has proved that all cubic graphs of order 10 are de-
termined uniquely by their edge cover polynomials, but this is not true for
their domination polynomials. Here we consider the matching polynomial of
regular graphs. Suppose that G is a regular graph of degree r with n vertices
and I'y, 1 ; is an isomorphism class containing ¢ kind of spanning subgraphs
of G, with m edges from G and k vertices of degree 1. Let G, 1 ; denote a
representative chosen from I'y,  ; and g, k; is the cardinality of the set I'y, ks
(Beezer and Farrell| (1995))). Then the matching polynomial of graph G can be

5]

expressed as u(G,z) = > 20 (—1)"gm 2m, 12" >™. Note that gy, 2m,1 denotes
the number of m-matchings of the graph G, for each m and that goo1 = 1.
The following theorem gives an approach for acquiring the coefficients of the
matching polynomial of regular graphs.

Theorem 2.1. Beezer| (1994) Suppose that G is a regular graph of degree r
on n vertices. Then for each combination of m, k and i* there exist constants
a;i = aj;i(n,r), that depend on G only through n and r, and constants a; that
are independent of G, so that

m—1
Im k,ix = E E aj,i(nﬂ")gj,o,ri-g ai9m,0,i-
j=0

i i
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The following equations for g1 2,1,92,2,1, --., g4,8,1 is obtained in Beezer| (2006]).

gi1,21 =
92,2,1 =
92,41 =
9321 =
93,31 =
9341 =
93,6,1
9411 =
94,2,1 =
9422 =
9431 =
9441 =

94,42 =
94,43 =
94,51 =

g4.6,1 =

94.8,1 =

nr

2
n(r—1)r
2 )

%(nr —4r + 2),

n(r—1)>%r

—393,0,1,

n(r—=2)(r—1)r
6 )

nlr=Lr(r=6rtd) 4 36,401,

= 22(n?r? — 12nr? + 40r* 4 6nr — 48r 4 16) — g3,0.1,

(3r —6)gs,0,1,
(% —3r+3)gs,0,1,
n(r—1)>%r

5 + (=67 +9)g3.0,1 — 494,0,1,

_ r—1)2r
nlr=2)r= 17 4 (67 + 12)g3.,0,1,

n(r—1)%r(nr—8r46)
4

+ (= 255 4+ 18r — 21)gs.01 + 49401,

n(r—3)(r—=2)(r—1)r
24 )

n(r—1)%r(nr—9r48)
8

+ (61 —9)g3,0,1 + 294,0,1,

n(r72)(7“*11);"(7”’78r+6) + (3r — 6)93,0,17

n(r—1)r n2r2716n7‘2+727‘2+10nr7104r+40 3
= 16 Lt (355 — 210 + 24)g301 — 4940,1,

e (n3r3 — 24n%r3 4 208nr® — 672r% + 12nr? — 240nr? + 134472 + T6nr

— 960 +240) + (= & +6r — 6)g3,0,1 + 94,0,1-

Figure 2: The subgraphs formed by adding back an edge at w.
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We follow approach in to derive a formula for the sixth coef-
ficient of the matching polynomial in regular graphs, i.e., g5 10,1. We start with
possible subgraphs on five edges or less (see Figures [3|and ) and determine the
subgraphs with 5 edges and a vertex of degree 1 (see|Wilson and Read| (2005)).
Then remove the edge incident to degree 1 vertex and call other endpoint w.
We identify vertices isomorphic to w and then add back a single edge, attaching
one end at vertices like w. Finally, we determine the types of subgraphs formed
and the amount of overcounting. Note that the subgraphs with no degree 1
vertices are free variables. For example, Let H be a subgraph of regular graph
G with 5 edges. Remove an edge incident to a vertex of degree 1. Label other
endpoint w. In the path on 4 edges that remains, there is one other vertex like
w. So there are two vertices like w and r — 1 ways to attach back an edge at w,
considering all vertices as possibilities for the other end of the new edge (see

Figure .
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Figure 3: The possible subgraphs with < 4 edges. Vertex w is adjacent to open-circle vertex.

So we have 2(r — 1)ga 22 = 295,22 + 295,12 + 295,11 + 109501
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By using this process for every subgraph of regular graph G with 5 edges
and a vertex of degree 1, we have the following system of linear equations.

4(r —2)gs01 = 195,11 + 295,0.2,
1(r —1)gs1,1 = 19512 + 495,02,
(n—4)rgao1 = 29521+ 195,11,
2(r —1)ga2,2 = 29522 + 295,12 + 295,1,1 + 1095,0.1,
2(r —1)ga2.1 = 29523 + 195,12,
2(r —2)ga1,1 = 295,24 + 49502,
L(r —3)g4,1,1 = 295,2,5,
2(r —2)ga2,2 = 29531 + 295,11 + 295,24,
2(r —1)ga3,1 = 295,32 + 295,12 + 295,24 + 295,1,1,
3(r —2)ga21 = 19533 + 1g5.1,2,

2(r —1)ga,4,1 = 295,41 + 295,33 + 895,21 + 295,22,
4(r —1)ga,4,3 = 295,42 + 69523 + 29522 + 19531,
1(r —2)ga3,1 = 49543 + 2952 4,

1(r —3)ga,31 = 395,44 + 295,25,
(n—=5)rga1 = 49545 + 295,23 + 19533,

3(r —1)gas1 = 19551 + 29533 + 195.3.1,

2(r —2)ga,43 =39552 + 19531 + 295,43,

L(r —4)ga42 = 59553,

1(r —3)gas1 = 49561 + 195.4.4,

2(r —1)ga61 = 295,62 + 695,45 + 295,41,

4(r —1)ga61 = 49563 + 295,41 + 195,51 + 295,42,
1(r —2)ga6,1 = 395,71 + 1g5,5.1,

8(r —1)ga8,1 = 295,81 + 295,62
(n —8)rgag1 = 10g5,10,1 +295,8,1-
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Now we can conclude that

95,1,1 = (47 — 8)g4.0,1 — 295,0,2»
(3,2

95,1,2 = (3r® — 97 +6)g3,0,1 — 495,0,2"

95,2,1 = (% —4r+ 4)94,0,1 +95,0,2-

4
—1
95,2,2 = "(f)r + (=972 + 247 — 15)g3 0,1 + (=87 + 12)g4 0,1 — 595,0,1 + 695,0,2

(nT2—9r2 —27LT+217‘—12>

95,2,3 = 93,0,1 T 295,0,2-

95,2,4 = (3r% — 12r + 12)g3 0.1 — 295,0,2
_ (3r2_15r418
= ( 2 )931071’
3
n(r—2)(r—1)3r

95,31 = M= DTT (9,2 4 33; — 30)g5,0,1 + (=87 + 16)94,0,1 + 495,0,2+
_ n(r72)(r—1)3r
= nlr=2)(r=1)"r

+ (- 1202 4397 — 30)g3,0,1 + (—47 + 8)94,0,1 + 895,0,2

2
95,3,3 = (3= — 1202 — 3nr 4 367 — 24)g3 0,1 + 495,0,2,

3
—1 —1
95,4, = Mr=IrQr10mEE) 4 (5002 43902 4 9BT 997 4 60)g3,0,1 + ( — 2nr + 287 — 32)g4,0,1+

595,0,1 — 1495,0,2>
_ nr=1%r(nr-12r412) (—3nr2+787‘2+3n7‘—2047‘+132)
= 1 P

95,4,2 93,0,1 + (167 — 24)g4 0,1 + 595,0,1 — 1495,0,2;
95,4,3 = w + (= 3r2 412 — 12)g3 0,1 + 95,0,2
PR G TG T GES DA e SPERET R
9545 = (n27'2716nT2+727‘82+14n7'71447‘+72)QSYO’I ~295.0.2:
95,51 = ”("’2)“’1)2[(7”*1‘"*8) + (- 3nr2 44202 4 6nr — 1321 + 96)g3.0.1 + (87 — 16)g4,0.1 — 1295,0,2+
95,5,2 = "(T_2)(T_1)213(m_12r+12) + (972 — 337 + 30)g3,0,1 + (47 — 8)94,0,1 — 295,0,2
45,55 — M=) =2 r—)r
95,61 = n(T‘fS)(r—2)(7'4781)r(n7‘7107‘+8) + (6r2_10r+36)g&0,1’
05.6.2 = n(r—1)2r(n2r2—2onr2l-g112r2+14m—176r+72) " (73n2r2+84m276968r2—90nr+15s4r—888)g&o’l
+ (2nr — 32r +36)g94 0,1 — 595,0,1 + 2095,0,2>

05.63 = n('r'fl)Qr(nz'rz7217L7'21#€»3126'r'2+167w'72167'+96) n (lSnr2—2527‘2 —247”‘#»7147‘—444)!]3,011‘#

(nr — 287+ 36)g4,0,1 — 595,0,1 + 1795,0,2>

_ n(r=2)(r=1)r(n3r2—20nr24+112r2414nr—176r+72) 3 2 2
95,71 = pa +(3nr? — 2102 — 3nr + 667 — 48)g3,0,1+

(=47 +8)g4,0,1 +495,0,2>

n(r—1)r(n3r3—30n2r3+328nr3 —1344r3 +18n2r2 —444nr2 4307202 4160nr—2448r+672)
96

95,8,1 =

2,2_ 2 2 _
+ (Bn2r2=100mr? +88807 £106nr 19681080 ) oo | 4 (— 2nr + 367 — 40)g4,0,1 + 595,0,1 — 2095,0,2-
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95,10,1 = 3255 (n47‘4 — 40n3r? 4 640n2r? — 4960nr? 4 1612874 + 20n3+3 — 720123 4 9440nr3 — 4608073 4

220m2r2 — 6400nr2 4 5184072 + 1520nr — 268807 + 5376)+

2.2 2 _ 2 _
( 5n“r<4+140nr 108(3;(“) 130nr4+21607r 1080)93,0,1 + (% 787«{»8)‘(14’0,1 — 95,0,1 + 495,02

-1 1 KN4 -t
<1 LW e
A Ve A
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Figure 4: The possible subgraphs with 5 edges (vertex w is adjacent to open-circle vertex.

N

Q

Figure 5: The subgraph Q.
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The following theorem gives the matching polynomial of cubic graphs of
order 10 as a specific kind of regular graphs.

Note that for every cubic graph G of order 10, o/(G) = 5 and so it is enough
to obtain g, am,1 for every m < 5.

Theorem 2.2. Let G be a cubic graph of order 10. Then the matching poly-
nomial of G is

w(G,x) = 21 — 1528 + 752% — 1452 + 902% — 18 + (2* — 322 + 3)g3.01
+ (@® + 1)g40,1 + 95,01 — 495,02

where g3.0.1, g1,0,1 and gs o1 are the number of circuits on 3, 4 and 5 vertices,
respectively and gs 2 is the number of subgraph @, where Q) is the graph in
Figure 3

Proof. Tt is sufficient to compute the coefficients of matching polynomial of G.
We apply the formulas for g, 2m,1 where 0 < m < 5. We have g1 21 = 15,
92,41 = 75, g3.6,1 = 145 — g3.0,1, ga,8,1 = 90 — 393,01 + g4,0,1 and

95,10,1 = 18 = 3¢3.0,1 — 94,01 — 95,01 + 495,0,2-

Now the result follows.

Behmaram proved that triangular-free 3-regular graphs with ten vertices
are matching unique and so cubic graphs Gg,G7,Gs,G19,G1s and Gy7 are
matching unique (see Behmaram| (2009)). In the following theorem, we show
that every cubic graph of order 10 is matching unique.

Theorem 2.3. Every cubic graph of order ten is matching unique.

Proof. Suppose that G1,Ga,..., Ga; denote the cubic graphs of order 10 as
shown in Figure m By replacing ¢3.0,1, 94,0,1, 95,01 and gs 2 for the cubic
graphs with ten vertices in Theorem [2.2] we have

w(Gy, ) = 2% — 1528 4 752% — 1412 + 8022 — 8,
w(Ga, ) = 210 — 152% + 752° — 1432* + 8622 — 6,
w(Gs, ) = 2% — 1528 4 752% — 1422* + 842 — 7,
(G, ) = % — 1528 + 752 — 1432 + 902 — 10,
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w(Gs, x) = 1% — 1528 + 752% — 1412 + 802 — 6,
w(Ge, ) = 2% — 1528 + 7525 — 1452 + 9522 — 13,

w(Gr,x) = 2% — 152% + 752°% — 1452* + 9322 — 9,

w(Gs, ) = 210 — 152% + 7525 — 1452* + 9222 — 8,

w(Goy, ) = 1% — 1528 + 752 — 1442 + 892 — 8,
w(Gio, ) = 20 — 152% + 7525 — 1452* + 9522 — 11,
w(Gry,x) = 2% — 1528 + 7525 — 1432 + 8722 — 7,
w(Giz, ) = 2% — 1528 + 752° — 1432 + 8422 — 6,
w(Gis, ) = 20 — 1528 4+ 7525 — 1442 + 9122 — 8,
w(Gg, ) = 2% — 1528 + 7525 — 1422 + 8122 — 6,

1(Gis, ) = 20 — 152% 4 752° — 1442* 4 902% — 9,

w(Gre,z) = 2% — 152 + 752° — 1452 + 962% — 12,
w(Gir, ) = 20 — 1528 4+ 7525 — 1452* + 9022 — 6,
(G, x) = 2% — 152% + 752° — 1412 + 842% — 4,
1(Grg, ) = 20 — 1528 + 7525 — 1432* + 8522 — 7,
w(Gao, ) = 20 — 152% + 7525 — 1392 + 7822 — 12,
w(Gay,x) = 20 — 152% + 7525 — 1412 + 902 — 18.

Assume that H is co-matching with G € {G1,Ga,...,Ga21}, so H is also
a cubic graph with 10 vertices. By comparing the matching polynomials of
G1,Ga,...,Ga1, we conclude that none of these polynomials are equal. There-
fore G is matching unique.

3. Conclusion

In this paper, after investigation of the saturation number and the matching
number of cubic graphs of order 10, we established a formula for the number
of 5-matchings in regular graphs by using the method in [Beezer| (2006)), |Beezer
and Farrell (1995). Using our result, we presented the matching polynomial of
cubic graphs of order 10 and concluded that every cubic graph of order ten is
matching unique.
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