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ABSTRACT

We discuss the theory of the decomposition of self-dual codes over the
ring Ry = Fo +ulF2 + vF2 + wFa,u? = 0,v% = 0,uv = vu. We also
discuss about the equivalence of these self-dual codes theoretically.
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1. Introduction

The decomposition theory for self dual linear codes with automorphism of
odd prime order over finite fields was first studied by Huffman (1982)
and Yorgov (1983)). They applied the theory to the study of extremal

self-dual even binary codes of lengths 40 and 48. In (1998), the theory
was generalized to codes over Z, and applied to study Z4 codes of length 24. In

Huffman| (2007, 2009), Huffman discussed the decomposition of self-dual linear
codes with automorphism of odd prime order over the ring R, = Fo + ul,
u?2 = 0, and used this decomposition to classify the Lee extremal and Lee
optimal self dual codes over R, of lengths 9 to 20. One can refer
|Shum)| (2020), Ankur and Kumar (2020), Ankur and Kewat| (2019) for more
details.

In this paper, our main aim is to discuss the decomposition of self-dual codes
theoretically with automorphism of odd order over the ring R, , = Fo +ulF2 +
vy + uvlFy, u? = 0,v? = 0, uv = vu. We also discuss about the automorphism
groups of these codes. At the end we discuss about the equivalence of self-dual
codes with automorphism of odd order over R, ,. We get similar results as in
[Huffman| (2007, [2009) for self dual codes over R, ,.

As pointed out in|Yildiz and Karadeniz| (2010a)), we can not get a generating
matrix (in the standard form) for a linear code over R, , of the form that we
had for a linear code over a finite field and a chain ring. Therefore, the decom-
position theory for self dual codes over R, , may not be helpful in classifying
all Lee extremal self dual codes over R, ,. Though, it can be used to classify
Lee extremal self dual codes over R, , which are permutation equivalent to a
certain self dual code with generator matrix in the standard form.

2. Preliminaries

Let Ry, = Fa + uFa + vFa + uvFa, u? = v? = 0 and uv = vu. Note that
R, is not a chain ring, but its ideals can easily be described as

Iy ={0} C I, =wRy, = {0,uv} C I,, I, L4y C Iy, CI1 = Ry,
where I, = uR,,, = {0, u,uv,u + uv},

I, = vR,, = {0,v,uv,v + uv},

Iyty = (u+v)Ryp = {0, u + v, uv,u + v + uv},

Lo ={0,u,v,u +v,uv,u + uv,v + uv, u + v+ uv} =< u, v > .
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We note that R, , has the maximal ideal I, ,, hence R, , is a local ring.

We first, define an ordinary inner product (-,-) on R}, as defined in |Yildiz
and Karadeniz| (2010a) by

n
<{177 y> = Z TiYi,
=0

where x = (21,%2,...,%,) and y = (y1,¥2,...,¥yn) are in R}, . Dual code c+
of C' can be defined as

Ct={z€eRy, | (z,y)=0Vy € C}.

We say that C is self orthogonal if C C C* and self dual if C = C*. Note
that the length of binary self dual codes is always even, but self dual codes over
Ry, can have odd length.

Definition 1. A linear code C over the ring R, , of length n is an R, , -

submodule of Ry .

Definition 2. Let ¢ : (Fo + uF3 + vFy + uvFy)™ — F4" be the map given by
dpla+ub+ve+uvd) =(a+b+c+d,c+d,b+d,d).

It is easy to see that ¢ is a linear map and takes binary linear code over
R, length n to a binary linear code of length 4n.

Definition 3. For an element a; + ub; +vc; +uvdy € R, we define the Lee
weight—wL as wy, (a1 +Ubl “+ver +U’Ud1) = WH (a1 +b1 “+c1 +d1, C1 +d1, b1 +d1, dl),
where wy is the Hamming weight for binary codes.

In the ring R, ,, we have four elements (1,1 + u,1 4+ v,1+ u + v + uv) of
weight 1, six elements (u, v, u + v, u + uv,v + wv,u + v + uv) of Lee weight 2,

four elements (1 +wv,1 4+ u + uv,1 + v + uv,1 + u + v) of weight 3, and one
element uv of Lee weight 4.

3. Code decomposition

Let R, = Fy +uF5,u? =0 and Ry, =Fa+uly+ol, +uvFy,u? = 0,02 =
0,uv = vu. We can write R, , = R, +vR, We extend the code decomposition
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over R, from|Huffman (2007) to codes over R,, ,,. Suppose ¢(X) € F2o[X], where
X is an indeterminate. Let (¢(X)) be a principal ideal of R, [X] generated by
¢(X) and [¢(X)] be a principal ideal of R, ,[X] generated by ¢(X). We have
the following.

Lemma 3.1. If ¢(X) € F2[X], then Ry o[X]/[¢(X)] = Ru[X]/(q(X)) &
v(Ru[X])/(q(X)).

Proof. Let e(X) + [¢(X)] be an element of R, ,[X]/[q(X)].

We can write e(X) = g(X) + vh(X) uniquely with g(X),h(X) € R,[X]. An
element of [¢(X)] has the form ¢(X)(r(X)+vt(X)) where r( ]

=
s
m
&
>

We have e(X) + ¢(X)(r(X) +vt(X)) = g(X) + vh(X) +q(X)(r(X) + vt(X)) =
9(X) + q(X)r(X) + v(h(X) + ¢(X)t(X)) implying e(X) + [¢(X)] = g(X) +
(¢(X)) +v(h(X) + (¢(X)))-

Also R, NwR,, = {0}. Thus the result follows.

The above Lemma can be applied to ¢(X) = X" — 1, where r is an odd positive
integer. Let R, = R, »[X]/[X" — 1] and R, = R,[X]/(X" —1).

By the above Lemma, R, = R, & vR,. The ring R, is semisimple.

t
Let X"—1= [] m;(X), where m;(X) is irreducible over Fo with mq(X) = X—1.
i=0

We define Z; to be a principal ideal of <;F<2T[ﬁ> generated by (X" —1)/m;(X).

Then R, = (Zo + ulp) @ (Zh +uZy) ® - - - & (Ty + uy).

Therefore, R, = (Zy + uZy + vIy + wly) B (Ty + Iy + v + wly) & - - - D
(It + ’U,It + ’UIt + ’LLUIt).

Let d; be the degree of m;(X), each Z; is an extension field of order 2% over
Fs.

Also Z,Z; = {0} when i # j, and Zop = {k(1 + X +--- + X" 1)k € Fa} ~ Fa.

F[X] F[X] S oxi) - S b
Define v, : %5 — === by v (Z‘b cin> = Z%CiX . note that
1= 7=
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vy = Vg if b= a (mod r), for b to be relatively prime to 7.

The map v, is the identity on Zy, permutes 7y, - - -, Z;, and if v4(Z;) = Z;, v is
a field isomorphism of Z; onto Z;.

The map v, can be extended to R, by wvp(a(X) + uc(X)) = w(a(X)) +
uvp(c(X)). It is easy to see that v is a ring automorphism of R,. The map v}
can be extended to a ring automorphism of R, by vp(a(X) +ue(X) +vf(X)+
uvg(X)) = vp(a(X)) + wp(c(X)) + owp (£ (X)) + wvrp(9(X))-

If v, (Z;) = Zj, vy is a ring isomorphism of Z; + uZ; + vZ; + wvZ; onto Z; +uZl; +
v + uvl;. O]

Now let C' be a linear code of length n over R, , with an automorphism o of
odd prime order r,
o=(12---,r)r+1,r+2,---,2r)--((c=Dr+1,(c=1)r+2,--- ,er),

o has ¢ cycles and f = n — ¢r fixed points.

We use the notation Q4,---,€. for the r-cycles and Qcyq, -+ ,Qcyy for f =
n — cr fixed points of o.

For xe C, let x

q, denote x restricted to €2;.

If 1 <i<e, y|, can be viewed as an element ag+a;Y +--- +a,_ 1Yl e m,.
We have yolg, = (ag +a1Y + -+ +a,_1 Y 1)Y.

Let C(o)={ye C |yo=y}, J = (T1 +uvIh +vI; + wly) & --- @ (T; + vl +
v + wZy) and p(o)={ye C | yla, € J for 1 < k < ¢ and y|q, = 0 for
c+1<k<c+f}.

Also for 1 <i <t

let pi(0) = {ye C'| yla, € (Zi + uZ; + vZ; + wI;) for 1 <k < cand ylo, =0
forc+1<k<c+ f}

Theorem 3.1. Let C, C(0) and (o) be as above. Then C = C(o)® p(o) and
w(o) = pi(o) & - @& (o).
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r—1
Proof. Let v € C and w = Y vo’. Clearly w € C(0).
i=0

2

Let x = v — (2)w € C, we now claim x lies in p(0). If c+1 < i < c+ f, then
wlq, = 1v|q,, implying that x|g, =0for c+ 1 <i<c+ f.

r—1 .
If1<i<candvlg, = ) v;;Y7, then w|g, =a,(1+Y +---+ Y1,
§=0

r—1
where a; = ) v;;.
Jj=0

r—1

So x|q, = Y (vij — (1)a;)Y?, which when divided by ¥ — 1 has remainder

7=0

ZO(%' — (3)ai) = 0.

Hence x|, € J and x€ u(o).
So C'=C(o) + p(o).

Note that if x€ C(o) then for 1 < i < ¢, x|q, € Zo + uZy + vZy + uvZy. Since
To + uZp + vZo + wwZpN T = {0}, C(o) Np(e) = {0}.

Thus C = C(0) & (o).
¢
Let e;(Y") be the identity of Z; + uZ; +vZ; + uwvZ; and e(z) = ) e;(Y’), which
j=1
is the identity of 7.

Let x = (x|, X|a,,0,---,0) € p(o) and for 1 < j < t,let xJ =
(x|, e;(Y), - x|a.e;(Y),0,---,0), 27 € p;(c) because Z; is an ideal of R, and

t .
Z,Z; = {0} when i # j. Sox = > xU) and p(0) = py(0) + pa(o) +- -+ pe (o).
j=1

Since I; N ;}Ij = {0}. p(o) = p1(o) ® pa(o) & --- & (o). O

Under the correspondence a(1 +Y + ...+ Y™™ 1) < a for a € Ry, it can
be seen that there is an isomorphism between the ring Zg + uZy + vZy + uvZy
to Ry . A codeword x € C(o) is constant on each r-cycle.
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Hence x|q, =xx(1+Y + ...+ Y1),
where x;, is in R, , for 1 <k < ¢, and x|q, =X € Ry, forc+ 1<k <c+ f.

The projection of x is defined for x € C(0) as ¢(x)= X1 - - XeXeq1 -+ - Xetf €
(Ru.)Tf. Thus ¢(C(0)) is a code over R, ., of length (c+ f). We can visualize
each p; (o) as a code of length ¢+ f over Z; + uZ; + vZ; + uwvZ; where the first ¢
components are in Z; +uZ; +vZ; +uvZ; and the last f components are zeros. Let
wi(o)* denote p; (o) punctured on the f fixed points. Considering p;(o)* is a
code over Z; +uZ; +vZ; +uvZ;, of length ¢ we define u(o)* = p1(0)*®. .. ®u(o)*
as a code over J of length c. We define a bilinear form (-, ~>j on J°¢ by

c
<$7y>._7 = E LiYis
=1

where x = (z1,22,...2.) and y = (y1,%2,...y.) are in J¢. The dual code E+
of a code E over J of length c is

Bt ={ye J°| (y,2), = 0forall z € E}.

A code E is self-orthogonal if £ C E+ and self-dual if £ = E+. Here we give
two lemmas that help us in proving the decomposition theorem.

Lemma 3.2. C(o) is self-orthogonal under (-,-) 7 if and only if ¢(C (o)) is
self-orthogonal under (-,-).

PTOOf. If p,q € C(O’), then b= (p1,07p1,1a -y P1r—1y---3Pc,0yPe,15 -+ 5 Peyr—1,

Petts--sPets) and ¢ = (q1,0, 91,15+ Qir—15 - 5Gc,0, Qe 1s - -+ s Qeyr—15 Qet 15
s qetf), Pij = piand ¢; ; = g; for some p;, g; € Ry, foreachiwith1 <i <e.

c c+f c+f
We have (p,q) = > pigs + >, pi¢i = > piq; (as r is odd and R, , has
i=1 i=c+1 =1

characteristic two).

Thus (p,q) = (¢(p),#(q)). Hence C(o) is self-orthogonal iff ¢(C(0)) is self-
orthogonal. O

Let A be a permutation such that v_;(Z; +uZ; +vZ; +uvZ;) = (Zyy +ulyg) +
’UI)\(i) + U’UI)\(i)).
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Since v_; is the identity on Zy, permutes Zy,Z, - - - ,Z;. So, such a permutation
exists.

Lemma 3.3. pu(o)

C p(o)* under (-,-) if and only if juygiy(o)* C (v—1(pui(0)*))*"
under (-,-) 7 for 1 <i <

C.

Proof. First suppose (o) C u(o)*t.

Choose a € pyy(o) and b € p;(o) with associated vectors a* € e (0)* and
b* € pi(o)*.

Then (ac?,b) = 0 for all j with 0 < j <r —1.
Following in a similar fashion as in Lemma 2.2 of [ Huffman| (2007) and in Lemma
9.5 of |Pless et al.| (1998), we get (a*,v_1(b)*)7 = io<aa-j,b>X_j.
j=
Therefore, (a*,v_1(b)*)7 = 0. Hence ix(i)(0)* C (v—1(pi(0)*))*.
Conversely, suppose ;) (0)* C (v—1(pi(0)*))* for all i, with 1 <14 <.
If a* € pyy(o)* and b* € p;(0)*, then (a*,v_1(b)*)7 = 0.
Now consider a* € y)(0)* and b* € p;(0)* with i # j.

Since v_1(b)* has entries in Zy(;, (a*,v_1(b)*) s is a sum of products zy with
x € I)\(i)a Yy € I)\(j).

Note that xy € I)\(i)I)\(j) - I)\(z) ﬁI)\(j) = {O}
This implies that (a*,v_1(b)*)7 = 0, for all a*,b* € u(o)*.

Thus (a,b) = 0 for all a,b € u(c). Hence p(o) C p(o)*.

We now prove the decomposition theorem.

Theorem 3.2. Let C be a code over R, , of length n with automorphism o.
Then the following hold.
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1. If C is self-dual, then ¢(C(0)) is self-dual under (-,-), and for 1 < i <,
pixi) (0)" = (v-1(pi(0)*)) " under (-,-) 7.

2. Conversely, if p(C(0)) is self dual under {-,-), and for 1 <i <t,uy,(0)* =
(v_1(pi(o)*))* under (-,-) 7, then C is self dual.

Proof. If C is self-dual, then by Lemma 3.3, ¢(C(0)) is self-orthogonal.

As ¢(C(0)) is self-orthogonal, from Lemma 2.7 of|Yildiz and Karadeniz|(2010b)),

we have

[Cllc* =l R, "
B(Clo))] < 4.

As we can write |(v_11i(0)") 1] = vy (i) ") | = [ (0)*) ] = |Ts +uT; +
vZ; +wZ;)|¢/|po)*| as v_1 is an isomorphism of R,. Since C is self-dual, by
Lemma 3.4, 11x(y(0)* C (v_1(pi(0)*))*, and therefore,

|Z; + uZ; + vZ; + wvZ;)|¢
|:u)\()( ) |< |/le( ) | . (2)

First part will be done if we verify equality in equations (1) and (2) for all
1 <i<t Now

4t = 0| = )H IZICIME 3)

t

t t
By using (2),  TT Imi(0)| = IT I (0)°] < H Eotuote 2t B Note

that H |i(0)*[? < [T'_, |Ti+uZi+oT+uvZ;)|°. Thus H (o) <TI0, [Zi+
uZ; +vI + wv;)|/2.
Note that, H§:1 |Z; + uZ; + vZ; + wZ;)| = 1601,

Therefore
t

H|/~Lz H\I + uZ; +vL; + wvl;)|?) = 4rDe, (4)
i=1
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We have strict inequality in equation (4) iff we have strict inequality in equa-
tion (2) for some i. From equations (1), (3) and (4) we get 4"+ < 4¢+F4(r=1e,

But 4¢+/4(r=De = 4¢7+/ and so no strict inequality in either (1) or (2) can
exist. This completes the proof of first part.

For part 2 arguments of the proof of part 1 can be reversed to prove that
|C| = 4+ = 4n.

By Lemma 3.3 and 3.4, C(0) C C(o)* and p(o) C p(o)*t. It is sufficient to
show that C(o) C u(o)*.

Let r € C(o) and s € u(o), we need to show that (r,s) = 0.

Note that (r,s) = (r,s’) where r* and s* are r and s punctured on the f
fixed points as r and s are zero on these points. If we let 7* to be 7’ viewed as
an element of 7y + uZy + vZy + uvZy and s* to be s’ viewed as an element of
J, also

c r—1
eru,l(s;‘) = Z <r'oh s >y (5)
i=1 h=0

However, 1} € Ty +uZy +vZo +uvly and v_y(s}) € J. because (Zo +uZp+
vZo +uvZy)J = {0}, the left hand side of (5) is zero and therefore (r'c", s') =
0 for all h; in particular (r/,s’) = 0, proving the second part. O

We adopt methods developed in [Bannai et al.[(2003), [Huffman| (2007, 2009)
to discuss the equivalence of linear codes over R, , of length n. It turns out
that we get similar results for the equivalence of linear codes over R, , as
obtained in Huffman (2007, 2009) for linear codes over R,. Suppose C is a
linear code over Fy 4+ ulFs + vFo 4+ uvlFy of length n. Let M, be the set of
n X n invertible monomial matrices over Fo 4+ ulF5 + vFo + uvlF9 and S,, be the
symmetric group on {1,2,--- ;n} viewed either in cycle form or as matrices in
M,,. Define v € Sy, as v = (1,2)(3,4) - - (4n — 1,4n). Let Cy(v) denote the
centralizer in H of v, where H is a subgroup of Sy,.

Let My, be the set of all 4n x 4n invertible monomials over the field
F2. We denote the centralizer of v in My, by Cuy,, (v). We define a map
proL s F - B4 as (oug (@) = (o0)(¢ (1) = o((67 (@)), for
v € M, (where ¢ is defined in Definition 2). One can see that there ex-
ists a one-to-one correspondence between the centralizers of v and ¢ M, ¢!
We now discuss the results for the automorphism of C.
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Theorem 3.3. Let C; and C be linear codes over R, ,, of length n. Then two
codes C1 and Cy are equivalent if and only if there is an element p € Cs, (V)

such that ¢(C1)p = ¢(Cs).

The automorphism group of a code C' over the ring R, , is defined by
Aut(C) ={v e M,, | CV =C}.

Theorem 3.4. Let C be a linear code over R, ,,. Then Aut(C) >~ C gue(4(c))(V)-

Proof.

Aut(C) = p(Aut(C))p~!
={pv'¢o ' |V eM,,CV =C}
={p € Cr,,(v) | $(C)p = 6(C)}
= Caut(s(c) (V)

O

We now discuss about the equivalence of self-dual codes over the ring R, ,,
for which we discuss the series of maps that will be used.

1. Since 0 = (1,2,---,7)(r+ L,r +2,---,2r)---((c= Dr+ 1,(c— )r +
2,---,er),leto; = ((j—1)r+1,(—1)r+2,--- ,(j—Dr+r)forl <j<e
Thus 0 = 0102-+-0.. Let W = {07052+ 0% | 0 < a; < rforl <
i < c¢}. An action of an element of W to C cycles each of the r-cycles
separately and acts on a |, for 1 < j < ¢ by multiplying by a power of X.

2. Define S, = {¢ € S, | ¢ € S} with ((a — 1)r +b)¢' = (a¢p — 1)r + b for
1<a<ecl1<b<r,andyd =yforer+1 <y <cr+ f. Elements
of S/ permute the ¢ r-cycles with the natural order in each r-cycle. So
an element of S/ permutes the r-cycle components of codewords in either

¢(C(0)) or pi(o)*.

3. Define S} = {¢* € S, | ¢ € Sy} where y¢* = y for 1 <y < cr and
(cr +a)o* = ag for 1 < a < f. An element of S} fixes the elements of
C(o) and will act trivially on u,(o)*.

Malaysian Journal of Mathematical Sciences 529



Ankur & Kewat, P. K.

4. Let D = {diag(j1,j2,"* ,jn) | Ji € Ry for 1 <i < n with jig_1y,41 =

Jd=1)yr+2 = *** = J(d—1)r4r when 1 < d < c}. When elements of D ap-
plied on the code C scales each coordinate on each r-cycle with a constant
scalar.

5. For any integer j, let j, = j (mod r ) where 0 < j,. < r. For 1 < k <
r,define s; to be the permutation in S,, given by ((a — 1)r + 1+ g)si =
(a—1)r+1+(gk)y for 1 <a <¢ 0< g <, and jsp = j for
er +1 < j < er + f. After applying s; to C it replace Y by Y*
in each r-cycle, which is nothing but applying v; to each r-cycle. Let
G={sp|1<k<r}

6. Define the normalizer N of 0 in M,, by N ={N e M,, | N"! <o >
N =< o >}, where < ¢ > is the cyclic group generated by o.

Theorem 3.5. Let C and C' be codes over Ry both having o in their auto-
morphism groups. Suppose that o is a Sylow r-subgroup of Aut(C). Then C
and C' are equivalent if and only if C' = CM for some M € N. Furthermore,
N = WSS DG.

Proof. Assume C' = CM for some M € N, then C and C'! are equivalent.
Conversely assume CR = C! for some R € M,. Then R Aut(C') R™! =
Aut(C), and therefore < o > and R < ¢ > R™! are both Sylow r-subgroups
of Aut(C). By Sylow’s theorem, there exists U € Aut(C) such that UR < o >
RWW='=<o0>.Hence M =UR € N and CM = CUR = CR = C*, this
proves the converse part.

Next to prove N' = WS.S;DG. First we prove WS(StDG C N. If B €
WS(’:S]"ZD, B lo¢B =0. Also sglask = o*. Thus B € N. Hence WS;S;DG -
N. Now we prove N' C WS/S3DG. Let M € N, then M~'oM = ok for
some 1 < k < r implying that M~ oM = slzlask. Let R = Ms,?l. Then
R '¢R = 0. Since R = PV for P to be a permutation matrix and V a
diagonal matrix, V1P~ 1o PV = ¢ gives P10 P = VoV ~!. However, P~ 'oP
is a permutation matrix and VoV ! is a monomial matrix with the cycle
structure same as o. Hence we have P 'o0P = ¢ implies that P permutes
the r-cycles of o among themselves and permutes the fixed points of o among
themselves and VoV ™! = ¢ implies V € D. Hence there exist E € S; and
F € S/ such that W = PE~1F~! fixes each fixed point as well as each r-cycle
of 0. However E, F, and P commute with o, therefore W commutes with o.
Thus W eW. But M =Tg, = PVg,=WFEVg, € WSQS]*CDG. O
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Theorem 3.6. Let C; and Cy be codes over R,, ., with o in their automorphism
groups. Suppose that C1 = Ci(0) @ pi(o) @ --- @ (o) and Cy = Ca(o) &
pi (o) ® - @ pi(o) are the decompositions of C1 and Ca. Let M € WSS} DG
where Cy = C1M. Then Csy(o) = Cy1(0)M and ,u’/\(i)(a) = p;(o)M for some
permutation X of 1,2,--- | t.

Proof. The theorem is clear from the points (1) to (5). O

4. Conclusion

We consider a Gray map to discuss the theory of the decomposition of self-
dual codes over the ring R, ,, but as we discussed finding a generator matrix in
the standard form over the ring R,, , is not possible, as we found over the field
or over the ring Fy 4+ ulF2. So the decomposition theory for the self-dual codes
over the ring R, , cannot be used to construct Lee extremal self-dual codes,
but one can construct permutation equivalent matrix in the standard form to
find Lee extremal self-dual codes.
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