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Abstract

The main aim of this article is to establish some new refinements of Hermite Hadmard type
inequalities via coordinate preinvex functions for fractional integrals. Here we give special cases
to our results.
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1 Introduction

In recent years, a great deal of attention has been laid by many researchers to the theory of con-
vexity because of its great importance in various fields of pure and applied sciences. The theories
of convex function and inequalities are closely related to each other. A very interesting and well
known inequality that establishes this connection is Hermite-Hadamard inequality, given as:

Let g: H C R — R be a convex function and v, v, € H with v < 75, then

g (71 —QMQ) < 721% /g(v)dv < g(m) J;g(w). (1)

Weighted generalization of the inequality (1) was presented by Fejér [5] as follows:

g (”;”) ]Qw<v>dv < fw(vww)dv < s *9lz) fw(zz)dv, 2)

: ; i i i i — Nty
where w : [y1;72] — R is non negative, integrable and symmetric about v = 1572,

The concept of invex sets was given by T. Antczak [2].

Definition 1.1. A set H C R™ is invex with respect to the map ¢ : H x H — R™ if for every 1,72 € H
andt € [0,1], v2 + t¢ (y1,72) € H. The invex set H is also called an (-connected set.

Corollary 1.1. Every convex set is an invex set but its converse is not true.

In 1998, Weir and Mond [13], defined preinvex functions, which are generalization of convex
functions.

Definition 1.2. Let H C R™ be an invex set and a function g : H — R is said to be preinvex w.r.t  if V
71,72 € H,
g(m+1C(71,72)) <tg(r2) + (1 =t)g(m)-

If {(y1,72) = 71 — 72 , then in the classical sense, the preinvex function becomes a convex
functions. A function g is called preincave iff its negative is preinvex.

Definition 1.3. [10] Let Hy x Hy be invex set with respect to ¢ : Hy x Hy — R"and £ : Hy x Hy — R™.
A function g : Hy x Hy — R is said to be preinvex in coordinates if for every (x,y), (u,v) € Hy x Hy and
t € [0,1], we have

g(u + tC(xv u)’ v+ tf(yv U)) < (1 - t)g(uv U) + tg(x, y) (3)

Definition 1.4. [9] Let Hy x Hy be invex set with respect to ¢ : Hy x Hy — R" and § : Hy x Hy — R™.
A function g : Hy x Hy — R is said to be preinvex in coordinates if for every (z,y), (z, u), (u,y), (u,v) €
Hy, x Hyand \, t € [0, 1], we have

g(u+A((z,u),v+t(y,v)) < (1=A)(1—=t)g(u,v)+ (1= Ntg(u,y) + (1 —t)Ag(z,v) + Mg (z,y). (4)
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Corollary 1.2. If we substitute A =t in (4), then (4) reduces to (3).

For more details about invex set and preinvex function, (See [11]).

Dragomir in [4], established the following result:

Theorem 1.1. suppose that g : A = [y1,72] X [v3,74] — R is a coordinated convex function on A. Then
one has the following inequalities:

Tty 13+ 1[ 1 /«'2 Y3+ 7 1 /«'4 7+ 72
- 5 - 58 < a 9 d 77 d
g( 2 2 ) 2 ’}/27’}/1 " g(w 2 ) x+fy4ffy3 va g( 2 y) Y
/ / (z,y)dydx
’Yz*’h 74*%
g(z,vs) oz + / g(z xm)dw)
L72 =N (/‘/1 ( ) 7 (
1 Ya Y4
+ (/ 9(71,y)5y+/ g(vz,y)dy)}
Y48 3 3

< 901,73) +9(01,74) + 9(v2,73) + 9(72,74)
~ 4 .

<

—~

<

P

Alomari and Darus [1] extended the Hermite-Hadamard inequality to Fejér inequality as:.

Theorem 1.2. suppose that g : A = [y1,72] X [3,71] = R be a coordinated convex function on A. Then
one has the following inequalities:

(fyl + 72 YsT 7 + 74 / / x,y)dydx / / p(z,y)dydz

g(v1,73) + g(71,74) + g(v2,73) + g(v2,74)

/ / (z,y)dydzx,

where p : [y1,7v2] X [v3,v4] — R is positive, integrable and symmetric about © = ”1‘2“’2 and y = %

Latif and Dragomir [8] proposed the following results.

Lemma 1.1. Let g : A C R? — R be a partial differentiable mapping on A = [y1,7y2] X [y3, 4] with
M < Y2, 7v3 < Ya. If gst € L(A), then the following identity holds:

T+ 72 73+74> 1 /72/"’4
g ; + g (z,y) dydz
( 2 2 (Y2 —=71) (a = 73) Sy Js @y)

__ ! /”g(m 73+74>dx 1 /”4g<71+72 y)dy
(va =) Jy T2 (Ya —3) Jys 2

= (va—m) (- 73)/0 /o H(s,t)gst(ta+ (1 —t)y2, 87 + (1 — s) y4)dsdt, (5)
where
ts, (s,t) € 0,% X [0, %),
(s t) — t(s—1), (s,t)e[[(),é X(%,l],
(5,1) s(t—1), (s,t) € (3,1] x [0, 1],
t—1)(s=1), (s,t)€(3,1] x (3,1].
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Theorem 1.3. Let g : A C R? — R be a partial differentiable mapping on A = [y1,72] x [y3, va] with
1 < Y2, v3 < Ya. If |gst| is convex on the coordinates on A, then the following inequality holds:

Y1+ V2 73-1—’74) 1 /72/AY4
p ’ + g (x,y) dydx
‘ < 2 2 (2 =71) (va —73) Sy, Jrs (:0)

ot /721}(:17 ’YSJF’M)dxl /Mg(%Jr72 y) dy‘
(2—m) Jy, T2 (Ya —3) Jos 2

(v2 = 71) (72 —73)
- 64

[1gst (v, 73) + 1gse (v1, va) | + [gst (2, 73)| + [gst (2, 7a)[] - (6)

Theorem 1.4. Let g : A C R? — R be a partial differentiable mapping on A := [y1,72] x [v3, va] with
Y1 < Y2, ¥3 < Ya- If |gse|? is convex on the coordinates on A and p,q > 1, 1% + % = 1, then following
inequality holds:

Y1+ 72 ’73+’Y4> 1 /72/74
g ; + g (z,y) dydx
’ ( 2 2 (72 - ’Yl) (74 - 73) Y1 Y3

o /Wg(m 73+74>dw_1 /wg<%+72 y)dy‘
(2 —m) Jy, T2 (Ya —3) Jys 2

(v2 —71) (a2 —73)
A(p+1)7

<

1 q
(3 Lm0l + Lo I+ a2 29) [+ b2, 30)1T) 7)

Theorem 1.5. Let g : A C R? — R be a partial differentiable mapping on A = [y1,72] x [v3,v4] with
Y1 < Y2, ¥3 < va. If |gst|? is convex on the coordinates on A and q > 1, then following inequality holds:

+ + &
‘g(’h '72")/3 74)+ / / 2.y) dyda
2 2 (v2 —=71) (2 —73) v Jys

o /72g<m 734_74)@_/%9(%4_72 )dy‘
(2 —m) Jy T2 (va —3) Jys 2

(v2 =) (ya — 73)
16

1

1 :
<4 [gst(v1:73) |7 + 1gst (v, 72) T + [gst (2, v3) |7 + |gst('727'74)|q]) (8)

<

Latif and Dragomir in [9], developed the following results.

Lemma 1.2. Let Hy x Hy — R be an open convex subset of R? with respect to the mappings ¢ : Hy x Hy —
Rand € : Hy x Hy — R. Suppose g : Hy x Ho — R be twice partial differentiable mapping such that

2

8>\gt € Li([y1,m + C(v2, )] X [v3, 73 + €(74,73)])s

where ((y2,71) # 0,&(va,7v3) # 0, where y1,7v2 € Hy and ~y3,v4 € Hy. Then the following equality
holds:

i[g(’h,%) + (v, 7 +E(va73)) + 9(v1 + C(v2,71),73) + 9 (1 + C(v2s71)s vz + E(v4,73))])

n+C(v2m)  pr3+E(vanvs)
+ / / g(x,y)dxdy — D
(72 ’71) (74 V3) V3 ( :

32
= (Vz’%)zl (74,73) /0 /0 (1 =201 = 2t) 5+ (71 + AC02, 1), 713 + 86 (74, 73))dAdt, — (9)
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where

1 71+¢(v2,71)

D — 24(72,%)/71 [9(z,73) + g(z,73 + &(74,73))|dx

1 v3+E(va,73)
or | )+ g + ) w)ldy.
26(71,73) Jr 9(v1:9) +9(n + (2. m), y)ldy

In [6], C. Haisong presented the new Hermite-Hadamard type inequality for coordinate con-
vex function. In [3], A. Babakhani established the Hermite-Hadamard-Fejér inequalities for co-
ordinated convex functions involving fractional integral .

Recently, fractional calculus has proved to be a powerful tool in different fields of sciences.
Because of the wide application of fractional calculus and Hermite-Hadamard inequalities, re-
searchers have extended their work on Hermite-Hadamard inequalities in fractional domain.

In [12], Sarikaya et al. presented Hermite-Hadamard’s inequalities for fractional integral as
follows.

Theorem 1.6. Let g : [v1,72] CR = Rwith0 < 1 < g and g € L[y1,72]. If g is positive and convex
function on [y1, 2], then the following inequalities for fractional integrals hold

[J2,9(1) + J2,g(1)] < M.

g(%-#’)’z)S T(p+1)
2 2(y2 —m)P

with p > 0. Here, the symbols J? and J£, denote the left-sided and right-sided Riemann-Liouville
fractional integrals of the order p € R* that are defined in [7]

x

1
P = — — )Pt < <
Io@) = g | =gt 0 < <<

1

and 72
JL,9(x) = 7/ (t—ax)"g(t)dt, 0 <y < < 2.
L) Jo
In the case of p = 1, the fractional integral reduces to the classical integral.
In this section, we present two new Hermite-Hadamard-Fejér identities for functions second-
order mixed derivatives are coordinated preinvex for fractional integrals. Using the new identi-

ties, we obtain some new weighted estimates connected with the left and right hand side of the
Hermite-Hadamard-Fejér type inequalities for coordinated preinvex functions.

2 Main Results

Throughout this section, we will let sup lw(v1 + 51 (v2,71) 573 + € (4,73))| = [[w]| o -
(s,t)€(0,1)x(0,1)
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Lemma 2.1. Let K; x Ky C R? be an open invex subset with respect ton : K; x K1 — R? and
€ : Ky x Ky — R2. Suppose f : K1 x Ky — R? is a twice differentiable mapping on K; x Ks such
that fse € L ([v1.7 + 1 (v2,70)] < ([v3:73 + & (4,73)])) wherenp (v2,71) > 0and & (v4,73) > 0. Ifw :

(o7 + 1 (2, 1)) % (17,33 + € (74, 73)])) — [0,00) [0, 00) is an integral mapping, then for every
Y1,7v2 € K1 and 3,74 € Ks, the following equality holds:

1 (e
I=f (71 + 3 (v2,71) 573 + 5(74,73)) [1(71+2n(w2,71))—,(~/3+55(74,%))—1”(%’73)
p,o
(71+%n('vzm))+,(73+%£(W4,73))7w(% +1(72:m)573)
+17° w(v1,73 + €(7a,73))

(m+3n(v2,7)) = (v3+3€(va73))+

p,0
(71+%77(72771))+7(73+%£(y4773))+w(71 +1(y2:71): 73 + §(74,73))
1
_|ppe L
|:I(71+§77(“/2W1)),(“/3+§5(74,73))f(71,73 + 25(74773)) ’w(’h,’}’g)
o 1
(o + 302 (et BeCranmay)—d (1 T 1002 70): 73 + 5800, 78)) w(n +1(32,7),7)
1
p,o - . .
+I(71+%77('Y2a’Yl))*v(’Y3+%§(—y4,73))+f(71773 + 5800, 73)) Wy, vs + €(a, 7))
o 1
(o + 3nr2)) (ot BeCranmay)+d (1 T 1072:70): 73 + 58030 78) wln + 072,711,795 + 67, 73))
1
_|ppe :
I(vﬁ%n(vzm))f,(va+%g(y4,%)),f(71 + 277(72,71),’73) w(y1,73)
1
P 1
L o) (e heCranm)— (1 T 51072 71)578) w4 0(72, 7))
1
po 1
o)) (ot b )+ d 1T 510270578 + €07, 78)) w1, 78 + £(74,73))
o 1
L e (et beanm)+ (1 T 571027057 + €0, 78)) wln + n(v2,11), 75 + 600, 7))
p,0
+ I(’YlJr%U(’YQ,71))*7(73+%§(’Y47’YS))* (Fw) (11, 7)
p,0
+I("/1+%n(va771))-&-,(73-&-%5(%773))— (Fw) (a4 (72,71, 7)
p,0
+I(71+%n('yzm))—7(73+é§(74,73))+ (fw) (v1,75 +€(71,73))
+IE)’;1+QU (y2,m )+ (’Ys+ £(vays ) (fUI) (’h + 77(72771)’73 + £(W47W3)):|
a+2
_ [77 ('727’71)]( T [ (( ; (/ / K(s,t)fst(y1 + 1 (fyg,'yl) v3 + t€ (74,73))d8dt>
where

foAl (s,v)dv, (s,t)€[0,3] x [0,2),
— [V Ay (s,0) dv, (s,t
— [, As(s,v)dv, (s,t)
ftl Ay (s,v)dv, (s,t) € (3,
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and
Anlsw) = [ o e wn ) v 0 ()i
Az (s,v) = /gl(l —u)? 7wy 4 un (2, 1) L vs + € (Y4, 73))du,
Aa(0) = [ w0 o (o) 7+ 06 ()
As(s,v) = /51(1 —u)P"H (1 =) w(y +un (Y2, 1) 5 v3 + v€ (1a,73)) du.

Proof. Expressing the integral on R.H.S in term of four integrals
1,1
/ / K(s,t)fst(n1 + 51 (v2,71) , ¥ + 1€ (74, 73) ) dsdlt
O% O%
= / / K(s,0)gst (71 + 51 (72,71) 73 + 1 (74, 73) ) dtds
o Jo
Lo
+/1 / K(s,8)gst (1 + 51 (v2:m1) 73 + 86 (74, 73) )t ds
i Jo
2
)
+/ / K(s,t)gst (1 + 51 (v2,m1) 73 + 86 (74, 73) )t ds
0o /3

1 1
+/1 /1 K (s,t)gst(y1 + 51 (v2,71) » 73 + t€ (4, 73) ) dtds

= h+Dh+I3+14
For computing I, we will first consider

ot
/ / Ai (s,0)dv fsi(m + sn (v2,71) , 73 + t€ (4, 73) )dt
0 0

1
2

t
fs (v +sn(v2,m), 3+t (74,73))/0 Ay (s,v)dv

g (74a 73)

_m /0E Aq (s,t) fs(v1 + s (v2,71) , 73 + t€ (va,73))dt

0

1

B mfs <71 +s0(v2,m), 78 + %5 (7’4#3)) /0E Aq (s,v)dv

-

1

_m /0E Aq (s,1) fs(v1 + sm(v2,71) , 73 + t€ (4, 73))dE.

(11)

(12)
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Integrating (12) w.r.t s, we will get I;

bt
///Al(va)dvfst(’yl+377(72771)5’73+t§(74773))dtd8
0 0

1
2

- m/oﬁ fs ('71 + 51 (72,71) 73 + ;6(74,73))/0 Ay (s,v) dvds
1 33
_m/ /0 A1 (s,t) fs(r1 +sn (v2,71) , 73 + € (74, 73) ) dtds. (13)

After computing the outer integral in (13), we obtain

1 1
L = o %)5(74,%) [f <V1 + 577(72,71)773 + 55(74,73))

X
Wl

/ s’ w1+ 81 (v2,71) ;73 + t€ (v4,73)) dsdt
0

/s
/s

/ sP TN (v s (v2,m1) 58+ 8 (1, 78)) w4 51 (2, 711) 5 v +t€(74773))d8dt] :

1
'f (71 + 51 (v2,71) 573 + 5¢€ (74,73)) w (1 4 81 (v2,71) , 73 + t€ (74, 73)) dsdt

o

o'
cr

'f <71 +51 (y2,71) 573 + 1€ (74773)) w(yr + 50 (y2,71) 73 + € (a,73))dsdt

—+

NNNN

o

(14)

On substituting « = 1 + sn(y2,71) and y = v3 + t&(y4,v3) in (14), we obtain
_ 1
[0 (v2,7)]" " |

)

Y1+3n(v2,m Y3+ 5€(74,73) 1 o—1
_ / / (@ =7) "y = 73)7 " w(z, y)dady
¥3

Y1+ 3n(v2:71) s+ 3E(va,v3) 1 ot 1
-/ / 7 =)y = )" (s + 60 ) wla, y)dedy
Y3

/71-!—271(72 1) Y3t 3E(a,73)

Yi+3n(v2,71) 3t 3E(vavs) . o
+ / / (@ — 1) (g — 1) f (2, y) wiz, y)dedy] (15)

1 3

1 1
€ (ya,73)° [f (71 + 577(72771) v+ 55 (74,73)>

(
(z—7)" "y —73)" " fln + %n(m 1), y) w(z, y)drdy

73

Utilizing the definition of Riemann-Liouville fractional integrals in (15), we obtain

I
- NPING) L .
= T e SO T 2 ) 4 58 ()
p,o
('y1+%17(’v2,"!1))_7(73"'%5(74"\’3))_

w(y1,73)

1
_gpe 2
I(vl+%n(’yz,’h))*7(73+%£(74173))*f(%’ryg + 25(74’73)) w(n,7s)

1
—JP° - . -
I(M+%n(727“/1))—(vs#—%&(m,w))—f(% + 2?7(72’71)’%) w(y1,7s)

PO
+I('n+%n('yz771))—7(734-%5@4,73))— (fw) (1,73) - (16)
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Similarly, we obtain

1>

=W (Wﬁligﬂi({z’%)]gﬂ —fln + %n(vm%) 3+ %E (74,73))
XIE]“!ZJr%n(vz,w>)+,(73+%§(74,73))*w(71 +n(2,71),%)
T s ) (vt b))~ (O F 027,78+ 35(747’73)) w(yr +n(v2,71),73)
+I(p”yj+%n(vz,71))+,(73+%£(W4,’Y3))7f(’yl + %7](’72,71),73) w(yn +0(v2,71),73)
7I(p;/j+%n(vz,71))+,(73+%€(W4,W3))* (fw) (n 4 n(y2,71),78) | - (17)
I3

i (72771;( 3[ (WL%)]UH —fln+ %n(%m) ;73 + %5(74,73))

Iﬂﬁ
('Yl+%77(’)’27’)’1))_7("/3"!‘%5(74’73))"’“)(717 Y3+ 6(74’ fyg))

1
p,o -
+I(71+%n(v2,71))7,(73+%£(74,73))+f(71’73 + 25(74’73)) w(m, vs +&(74,73))

H (gt )+f(’Y1+%77(727’71)7’Y3+€(747’Y3)) w1, 73 + (74, 73)

Y1+3n0v2,71)) = (v3+ 5 E(va7s)

_ PO
I(’Yl+%"}(’Y2171))*;(734’%&("{4,"{3))4' (fw) (717»}/3 + £(’74>ﬂy3)) . (18)

Iy

. NOING 1 1
T P E G |0 g )

.0
(vitdnvav)+ (vs+LE(va )+

w(y +n(v2,71), 73 + €(7a,73))

e O (2778 + %5(74773)) w(y +n(v2,m), 73 + (745 73))

_ 7P
(vi+3n0v2.9))+ (v + 2 €(vavs
P
(

1
1+%nmm))+’(W3+%§(Wm3))+f(’71 + 577(72,71)7’73 +&(va,73)) wvt +n(v2,71), 3 + &(v4,73))

+ I(p,;j+%n(727,Y1))+’(73+%£(,y4y73))+ (f'UJ) (’yl + 77(727’71)173 + 5(74773)) . (19)

On utilizing (16), (17), (18) and (19) in (11), we obtain (10) . O

Corollary 2.1. If f =1, p=0=1,1(7v2,71) = Y2 — 71 and & (Ya,7v3) = (ya — 7y3) , we get (5), which
is Lemma 1 in [8].

Theorem 2.1. Let K1 x Ky C R? be an open invex subset with respect ton : K; x K; — R? and
€: Ko x Ky — R2. Suppose [ : K1 x Ko — R? is a twice differentiable mapping on K1 x Ky such
that fse € L([vi, 7 +n (2, 70)] % ([v3,73 + & (74,73)])) where 1 (v2,m1) > 0and £ (va,v3) > 0. If
w: ([y,71 +1(v2,71)] X ([v3, 73 + € (74,73)])) — [0,00) % [0, 00) is an integral mapping and | fs| is
preinvex function then for every vi,v2 € Ky and v3,va € Ko, the following inequality holds:

lwlloe [ (v2, 7)) 2 [€ (7a,73)]7 "
1<

( )F(O’) po (p+1> (0_+1) 2pt+o+2 [|f3t(’ylv’y3)|+‘fSt(71774)|+|f8t(72773)|+|f3t(72’74)|]'

(20)
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Proof. Taking modulus of both sides of (10), we get

pt2 o+2 1 1
|1l = n (72#1?@)%5((;;1»73)] /0 (/0 K(s,t)fst(y1 + sn(v2,71) ,73 + 1€ (’74,%))053) dt‘ .
(21)

fst is coordinated preinvex function, i.e

Jst(v1 4 sn(y2,71), v3 + t€(74,73))
< (=81 =t)fst(v1,73) + (1 = s)tfor(v1,7a) + (1 —t)sfse(v2,73) + st fse(v2,74)-

From preinvexity of | fs:| , we have from (21)

p+2 o+2 1 1
s e €Ol [ (s, (1= 90 ) 30)] + (0= sl 70)

F(L = t)s | for(v2,y3)| + st fse(v2,74)]) di. (22)
After a straightforward computation, we obtain

ol [ : / : ( / t / "o dudv [(1— 5)(1— )| a1 73)] (L )t Lot (1)

(1 —t)s | fst(v2,73)] + st | fse(r2,7a)l]) dsdt

o wlls { (p+3)(0+3)

—20totdpg | (p2+3p+2) (02 + 30 + 2)
(o +3) 1

(p_|_2) (02+30+2) |fst('Y2a'73)| +m ‘fst('Y2,’Y4)‘ . (23)

(p+3)
p?+3p+2)(0+2)

| fst(71:73)] + ( | fst (15 v4)]

+

// (// w)?dudv [(1 = s)(1 =) | for(y1,78) | + (1 = 8)t [ st (71, 74)]

(L= 15 |fut (2, 93)] + 8t | fat (2, 7a)[]) dsdt
_ ||w||oo [ (0+3) |f ( ~ )|+ 1
207 tipg [(p+2) (02 + 30 +2) T I (0 (0 1 2)

(p+3)(0+3) (0 +3)
(02 +3p+2) (0% + 30 +2 1 3p+2) (o 1 2) el (24)

| fst (15 74)|

) |fst(72a73)| + (

ol / (/ / w11 = )" dudv [(1 = 5)(1 = 1) |fuuCris38)] + (1 $)EF |stra, 10)

1
2

+(1 = t)s|fst(v2,73)] + st | fst(v2, 7)) dsdt

W]l oo (p+3) (p+3)(c+3)
— 2etotdpg [(p2 +3p+2)(2+0) [ for(r178)| + (p2 +3p+2) (02 +30+2) [ ot (71, 74)]
! lo+3) Far )] | - (25)

| fst (2, 73)| + (

+(p+2)(a—|—2) p+2)(c?+30+2)
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]l / (/ / 0)" (1 — P dudv [(1 — 8)(1— ) | fur (r1,78)] + (1 — $)EF et (1,70)

1
2 2

(L =t)s | fse(v2,v3)| + st [ fosr(v2,7a)|) dsdt
0]l 1 (3+0)
i LA RS T
(p+3) (p+3) (o +3)
(PP +3p+2)(c+2) P2 +3p+2)(02+ 30 +2)

| fst(v1,7a)]

|fst(’727fy3)| + ( |fSt(72574)‘ . (26)

Using the results of (23), (24), (25) and (26) in (22), we get (20). O

Corollary 2.2. If f =1, p=0=1,n(v2,71) = Y2 — 71 and & (y4,73) = (74 — v3) in (20), we get (6),
which is Theorem 2 in [8].

Theorem 2.2. Let K1 x Ky C R? be an open invex subset with respect ton : K; x K; — R? and
€ : Ky x Ky — R2. Suppose f : K1 x Ko — R? is a twice differentiable mapping on K1 x Kj such
that fse € L([vi, 7 +n (2, 7)) % ([v3,73 + & (74,73)])) where 1 (v2,m1) > 0and £ (va,v3) > 0. If
w: ([y, v+ 0 (v2,7)] % ([93:73 + € (74, 73)])) — [0, 00) x [0, 00) is an integral mapping and | fs|* is
preinvex function then for every 1,7y, € Ky and v3,v4 € Ko, where g € (1,00) and % + % =1, then
following inequality holds:

B =

[ (v2, )P 2 [€ (74, 73)] 7+

l? ;
i< FIT (o) (WWW U top (T pp>>

X (le [ st (v, v ® =+ | fse(vas va)|* + | fse (2, 7v3) | + |fst(72a’Y4)|q]> " (27)

Proof. Taking modulus of both sides of (10) and Holder’s integral inequality, we get

n (2,1 p+2 , o+2 1,1 » %

x (/ (/ [l 1 (12 3) 30 + 86 ) ) dt)‘l’ . (28)

From preinvexity of | fs:|? in coordinates in (28), we have

pt2 o+2 ;1 1 %
1l < [77(727'71%]‘(@%((;/;1773)] </O /0 K(s,t)pdsdt>

< (/ </01(1 ) (1= 1) )" + (1= )t [Furlrnr )|

+(L =) |fae(v2, 1) + st | fae(v2, 7)) dt) 7 .

Q=

(29)
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After a straightforward computation, we obtain

/0 / (=) (1= ) [far(msis)|? + (1 — )t |fur (s 730)]°
+(1 = t)s|fst(v2,73) T + ts | fse (2, 74)|?] dsdt
= 7 1gme(0 )"+ gae(a )17 + lgue (B, 1)1 + 15, 9)1, (30)

and
L ||p IIP
/ / |K (s,t)|" dsdt = / / 7P sPP dsdt + / / t7? (1 — 8)"P dsdt
0
P p
”wH / / B Jp $PPdsdt + 1o ||w|| / / S)PP dsdt
_ o, G
20r+Ppg (14 op) (1 + pp)’

Using the results of (30) and (31) in (29), we get required result (27) . O

Corollary 2.3. If f =1, p =0 =1,n(y2,m1) =2 — 1 and £ (ya,73) = (4 — 73) in (27), we get (7),
which is Theorem 3 in [8].

Theorem 2.3. Let K; x Ky C R? be an open invex subset with respect ton : K; x K1 — R? and
€1 Ky x Ky — R% Suppose f : K1 x Ko — R? is a twice differentiable mapping on K1 x K such
that fo € L([vi,71 +n(v2,71)] % ([v3,73 + & (4,73)])) where 1 (y2,71) > 0and € (v4,73) > 0. If

w: ([y,y1 + 1 (v2s71)] X ([v3,73 + € (v4,73)])) — [0,00) x [0, 00) is an integral mapping and | fs;|?
is preinvex function then for every vi,v2 € Ky and 3,74 € Ko, where g > 1, then following inequality

holds:

[ (32, 5))° 2 [€ (4, 73)]7 > ( Jw]|? )
T (p)T (o) 20+ g (L +0) (L + p)

<p0_ (p+ 1) (;+ 1) 922+pto [|f5t(’717’y3)|q + ‘fst(’}/lv’}%)‘q + |f8t(72a’y3)|q + |f5t(727’74)|q])(§2)

1] <

Proof. Taking modulus of both sides of (10) and power mean inequality, we get

N I ] )

Q=

</01 (/01 K(s,t) | fst(v1 +sm(v2,71) 73 + 6 (74,73))"ds) dt) . (33)

From preinvexity of | fs|? in coordinates, we have from (33)

;< [77(72,71)]‘“r [€ (4, 73)) 7 (/ / K (s, t)|d8dt)

1—

Q=

a p)T (o)
(/ (/ |K(s,t)] (1 —s)(1 = t) | fse(v1,73)| 4+ (1 — )t | for (1, 74) |

+(1 = B)s [ far(v2,73)[" + st [ far(v2,7) ) dt) 7 .

Q=
—
(V)
=~
N—
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After a straightforward computation, we obtained

ol | ' / : ( / t / " dudo [(1 - 8)(1— )| faelm )] + (1= $)EF Laoroa)l

+(1 = t)s | for(v2,v3)| + st | fse(r2,74)l]) dsdt

__wlle [ (p+3)(a+3)
20totdpo | (p2+3p+2) (62430 +2
(c+3) 1

T AR Rl pors v peasy

(p+3)
pP+3p+2)(c+2

) | fst (71, 73)] + ( ) | fst(71,74)]

| fst(v2,7a)l] (35)

// (// H(1 = w) dudv [(1 = 5)(1 = 1) [for(r1,7)] + (1= )t | for (1, 7))

+(1 = t)s | fst(v2,73)| + st | fse(v2,7)|]) dsdt
vl (0 +3) 1
= Dptot,g {(er %) (02 1 30 1 2) | fst(v1,73)] + )] | fst(y1,74)]
(p+3)(c+3)

(p+3)
(PP +3p+2)(c2+ 30 +2) P2 +3p+2)(c+2)

| fot (v2,73)| + ( | fst (2, 74)l ] (36)

., / / (/ [t o (0= 9= ) )] + (1= 9t e )

+H(L = 0)s [fst(v2, ¥3)[ + st | fse (72, 74) ) dsdt

vl (p+3) (p+3) (0 +3)
T Qptotd,g {(p2+3p+2) 2+0) | fst(v1:78) + (> +3p+2) (02 + 30+ 2) | fst(71,74)]
1 (p+3)
—&-m | fst (2, v3)| + (0 +2) (02 + 30 +2) | fst(v2, va)l | (37)

ol // (// 0711 = w)Ldudv [(1 = $)(1— 1) [ farlr1, 39)] + (1= )t [ (31, 70)

+(1 - t) |fst(’72773)| + st |fst(’72574)‘) dsdt

- 2pll+1ﬂzopo {(p n 2)1(0 oy Mt Ous)l + 0 2)((30;:)30 oy o1l
e i)+ e ] 39)
[ s tasie = g B (39)
Using the results of (35), (36), (37), (38) and (39) in (34), we get required result. O
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Corollary 24. If f=1,p=0=1,n(v2,71) = Y2 — 71 and & (y4,73) = (y4 — 3) in (32), we get (8),
which is Theorem 4 in [ 8].

Lemma 2.2. Let K1 x Ky C R? be an open invex subset with respect ton : K; x K1 — R? and
€ : Ky x Ky — R2. Suppose f : K1 x Ky — R? is a twice differentiable mapping on K1 x Ks such
that fse € L([y1,71 + 1 (2. 7)) X ([73: 73 + € (74, 73)])) where ) (2, v1) > 0and § (ya,7v3) > 0. Ifw :

(v, v +n(v2s )] % ([v35 73 + € (72,73)])) — [0,00) X [0, 00) is an integral mapping, then for every
Y1,7v2 € K1 and 3,74 € K, the following equality holds:

J = |:f(’71 +n ('727 71) Y3+ § (’74a 'VS))I(p,;f+n(,y2’71)),’(73+€(,Y4’,\/3)),71](717 '73)
Ff 73 F € BNILL s te(ransy) - WO +1(72,71),73)
T 1 (2,7) 1) ) — s £ W15 Y3+ E(7,73))

+F (v, 1) I8 e, w1 + 02, 71), 73 + § (74, 73))}

p,0
B |:I(71+77(’Y27'Yl))_7(73+£(’Y4773))_f(717’73 + 800, 73)) wn, 7)
I ateramsyy—d (0 F1(v2,71), 73 4+ €(71,73)) w(n +1(v2,71),73)
FIT e 1)) st (V1 78) w1, 93 + € (74, 73))
+I0°% o f (e +n(v2,m),78) w(n + n(v2,71), 73 + (74, 73))]

- { Crr+n(rz )= (ra+€vaman) —F (71 + 102, 71),78) (71, 73)

D% atetrasy— (1 73) wls +1(72,71),73)

I e ) =t d (1 F1(02,71), 73 + €7, 78)) w1, 78 + €(74,73))
+I0% o f (1,73 4+ £(7a,73)) wlv + 072, 1), 73 + €(14,73))]

LG ) — (s e rae)) — Fw) (01,73)

HID% sty — W) (1 +1(72,71),73)

I e = W) (7173 + €(72573))
+I0% s (fw) (n + 02, m)s 73 + €(74,73))]

p+2 o+2
[ (Vm’hil — E((;;lﬁs)] /0 /0 P(s,t) fes((71 4 51 (v2,71) 73 + 1€ (74, 73) ) dsdt,
(40)

where

P(s,t):/OtAl(s,v)dv—/OtAg(sw)dv—/tlAg(s,v)dv—i—/tlA4(s,v)dv7 (t,s) €[0,1],

and

S

upflvafl

Ay (s,v) = w(y1 +un (v2,71) ,73 + v€ (Y4, 73) ) du

1
(1 —w)? M7 tw(yr +un (y2,71) 3 + v€ (4, 73) ) du

—

As (s,0) =
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Ay (s,0) = / 11— o) M + un (v ) s + 06 (74, 73))
0

1
Ay (s,0) = / (1= w1 =) w(y +un (v2,m) , 75 + v€ (71, 73)) du.

Proof. Expressing the integral on R.H.S in term of four integrals
1,1
/ / P(s,t) fst(v1 + 51 (72,71) 5 v3 + t& (4, v3))dsdt
o Jo
1 1
2 2
/ / P(Svt)gst(’yl +S77 (727’71) » V3 +t§ (74773))dtd8
o Jo
1 rs3
+[ / P(s,t)gst (71 + 81 (v2,71) » 73 + t€ (va,73))dtds
1
/ / P(s,t)gst(v1 + sm (v2,71) , 73 + t& (7, 73))dtds

/ / P(S, t)gst (’71 + sn (’YQa 71) » V3 + t€ (’747 73))dtds

= Ji+Jo+J3+ J4.

For computing .J;, we will first consider

1 t
/O (/0 Ay (5,0) dv for(y1 + 51 (v2,71) 73 + 1€ (%73))) di

1

t
fs(’n+sn(vz,71),73+t§(74773))/0 Ay (s,v)dv

€ (4,73)

1
5(74173)/0 (A1 (5,t) fs(y1 +sm(v2,71) s ¥3 + 1€ (Ya,73))) dt

0

1

1
N mfs(’h —&-577(72771),734_5(%’73))/0 Aq (s,v) dv

1
_g(’yjifyg))‘/o (Al (S7t) fs(’Yl +sn (727’71) Y3 + tf (74)’73))) dt.

Integrating (42) w.r.t s, we will get I;
J1
1 1 gt
/ / / Ay (s,0) dv fsr(yn + 51 (72, 1) 73 + 1€ (4, 73) ) dtds

1
= m/ fs ’71 + sn (72771) 3 +§(’y4773))/(; A1 (871)) dvdu

*m/ / (Aq (s,t) fo(y1 4+ sm(v2,m) 73 + & (V4,73))) dids.

(41)

(43)
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After computing the outer integral in (43), we obtain

1
n(y2,71) & (V4,73

/Sp Y7 w(y + sn (2, 71) s s + tE (4, y3) ) disdt
0

Ji = )[f(% +1(v2,71) 573 + & (V4,73))

1

X

hc\Ho\c\

[y
—

/sp Y (v 4 s (2, 1) s s + € (4, 73)w(va + 81 (2, 71) 5 Vs + tE (4, 73) ) dtds
0

[u

/ sPH7T (v 4 0 (2 71) 5 v3 + B (s v3))w (s + 51 (2, 71) s + tE (va,v3) ) dsdt

(==}

1 1
+ / sP 7T f (v 4 s (Y2, M) 3+ (avs))w(n + s (v2,71) s s € (4, y3) )dsdt |

0
(44)

On substituting x = v1 + sn(y2, 71) and y = 73 + t€(y4, v3) in (44),we obtain

J = 1+8n7(72,71),73 Y3
1 e 5( e [+ sm(v2:71) 73 + € (74,73))

/71-&-77 72771)/
71 ot
y14n 72771)/73%(74,%)
v
/v

’Ys+€(’¥4ﬁ3) ) .
(@ —7)"" (y —3)° w(x,y)dedy

3

(=) y —v3)7 (2,75 + E(74,73) w(z, y)dady
1 3
73+€(74’73)

(—7)" "Ny —73)7  fn + 0(2,m), y) w(z, y)dzdy

A
/’71 +n(v2,71)
5

1 3

m+n(v2,v1)  prs+E(vas) L L
+ / =) =) ) wlededy| . (4)
v ot

1 3

Utilizing the definition of Riemann-Liouville fractional integrals in (45), we obtain

n Lol

(723’71)] [ (’747’}’3)]U+
[ Y1 (2 7) 73 € WG s ) (s e rae)) - €071 73)

I("/l"!"’l('Y?v'Yl))_ (Wa-&-&(wﬂs))—f(%’% +&(va,73) w1, 73)

2
_I(%+77(V2,71)),,(73+5(M,73)),f('Yl +n(v2,7),73) w(v1,73)

+ I(vﬁn(vzm)) (13 +€(va,73)) _ (fw) (,7) | - (46)
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Similarly, we obtain
L'(pT (o)
[ (2, 7)) (€ (a5 73)) 7
X = f(, 78+ €N (ke (raimey) (1 1(72,71),73)
HIDT aretamen—d (1 Fn(02,m), 73 + €74, 73) w(yn + (72, 71),73)
HID% e ramsy)—d (1 713) w1 + n(72,71),73)

Jo =

— I ey (f0) (1 + 77(72,71),73)} - (47)

['(p)T (o)
[ (2, 5] [€ (7, 33)) 7
X 7f(’71 +n (727 71) a73)15»;?+q7(72771))7’73+w(71773 =+ 5(743 73))
I ) — e+ d (V1 73) w1, 73 + €(74,73))
I )t d (1 F1(72,71), 73 + €(72,73)) w1, 73 + (74, 73))

Jy =

I e (F) (1% + E(1,79))] (48)

L(p)T (o)
[ (v2, 7)) (€ (3,73
X [, 9) 5y 01 + 112, 71), %5 + €71, 7%5))

—I9% L PO+ n(v2,7),73) wv +n(ves71)s 13 + €(7a,73))
—12% L F (1,73 4 E(v4,73)) wva + 02, 71), 73 + €(74573))
+ 1% o (fw) (v 4+ 1(v2,7), 73 + €(1a,73))] - (49)

Jy =

)]U-i-l

On utilizing (46) , (47), (48) and (49) in (41) , we obtain (40) . O

Theorem 2.4. Let K1 x Ko C R2 be an open invex subset with respect ton : K1 x K; — R2 and
€: Ko x Koy — R2. Suppose f : K1 x Ko — R? is a twice differentiable mapping on K1 x Ky such
that fse € L([vi, 71 +n (2, 70)] % ([v3,73 + & (74,73)])) where 1 (y2,m) > 0and & (y4,v3) > 0. If
w s ([ + 0 (2s7)] < ([v3:73 + € (74,73)])) = [0,00) x [0, 00) is an integral mapping and | fo| is
preinvex function then for every 1,2 € K1 and v3,v4 € K, the following inequality holds:

el [ (2, 301”2 € (3, 5)] 2
po o+ 1) (p+ DI (p)T (o)

|J| < [ st (v, )l + | fse(vas va) | + [ Fse (25 7v3) | + [ st (2, 7a) ] -

(50)

Proof. Taking modulus of both sides of (40), we get

[n (72,71)]p+2 € (74,
L'(p)I (o)

B ,73)]U+2 1 1 [
|J| = o P(s,t) frs(v1 + 50 (v2,71) s v3 + € (7a,73))dsdt| . (51)
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fst is preinvex function, i.e

Fst(y1 4+ sn(v2,71), 73 + t€(74,73))
< (=80 =) fs(y1,73) + (1 = 8)tfse(v1,72) + (1 = t)sfst(v2,73) + stfst(v2,74)-

From preinvexity of | fs;| in coordinates in (51), we have

p+2 o+2 1 1
< 1 (v2, )] [€ (74, 73)] /(/ 1P(s, )| (1 = 8)(1 =) | for(v1v3)| + (1 — $)t | fot (2, 74)]
0 0

L'(p)I (o)
+(1 = t)s]| fot(v2,73)| + st | fst(2,74)]) dt.

After a straightforward computations, we obtain

Pt o [* 1Y i trs (1 — 6 s (1 1) (1 ) (1 — o) ds
= /0/0 t7ts+t(1—s)+s(l—1t)+ (1 —1t)(1—s)]dsdt
_ |fst(71773)|||w|\

= oo+ o+ (%3)

[fst(1,74 |||w|\ / / Ptots+t(1—8)+s(1—t)+(1—1t) (1 —s)]dsdt

_ |fst(71774)|||w|\oo
T oo+ (p+1) (54)

| fst (v2,73)] lwl] o 1 1p v o i o
po /0/05 1= [ts+t(1—5)+s(1—t)+(1—1¢)(1—s)]dsdt

_ |fst(’Y2,’Y3)|||wH
= oot D+ (5)

| ft 72,74|||w|\ // PA—=t) [ts+t(1—5)+s(1—t)+ (1 —1t)(1—s)|dsdt

_ Ifst(vzmzx)l [0l oo
~ po(o+1)(p+1)’ (56)

Using the results of (53), (54), (55) and (56) in (52), we get required result (50). O
Corollary 2.5. If || f||., = 1and p = o = 1 in (50), we get inequality similar to Theorem 2.1 in [9].

Theorem 2.5. Let K1 x Ko C R? be an open invex subset with respect ton : K; x K1 — R? and
£ : Ko x Ky — R2. Suppose f : K1 x Ko — R? is a twice differentiable mapping on K; x Ks such
that fsr € L ([vi,71 +n(v2,7)] % ([v3,73 + & (va,73)])) where 1 (2, 71) > 0and € (ya,7v3) > 0. If
w: (a7 + 1 (v2,7)] % (3,78 + & (74, 78)])) — 0,09) x [0, 00) is an integral mapping and | f.|” is
preinvex function then for every 1,72 € Ky and v3,v4 € Ko, where q € (1,00) and % + % =1, then
following inequality holds:

[0 (2, 71))° 2 € (74, 73)] 72 4Jwl?, v
< F(T (o) <po(1 Top) (1 +pp>)

(o @l" + DI + g B +law(5.0)01) (57)
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Proof. Taking modulus of both sides of (40) and Holder’s integral inequality, we get

e )P ()T () b \"
| = T T (o) (/0 /O |P(s,1)] dsdt)

1 1
X (/0 /0 |fts(’Yl + sn (727’}’1) ;Y3 + t€ (74,73))‘q det>

1
q

From preinvexity of | fs;|? in coordinates, we have

p+2 o+2 1,1 3
|J| < [77 (72,71)9‘(@ f((;;h'ﬁ)] (/0 /0 |P(s,t)‘p dsdt)

([ ([ a0 -0l + -l

+(1 = 1)s [ far(v2,73)[" + st far(v2, 7)) dt) 7 .

Q=

(58)

After a straightforward computation, we obtain

| [ 10=90-0ka@nr + 0= otglae.o)r
= 03 1gu0 BN + st 9w (8,0)|%) dsl
= 1 Dgse (I + a0, )1 + 1905 1)1 + Igea (5, I, (59)

and

PPLOP toP (1 —
//\Pst|pdsdt |pr// i dsdt+Hw||p// Al
Up (1- pp ap
+Hw||p// dsdt+||w|\p// 2) ) dsdt
0

4 |wil5

~po(L+op) (1+pp)’

(60)

Using the results of (59) and (60) in (58), we get required result (57). O
Corollary 2.6. If || f||,, = 1and p = 0 = 1 in (57), we get inequality similar to Theorem 2.2 in [9].

Theorem 2.6. Let K1 x Ky C R? be an open invex subset with respect ton : K; x K; — R? and
€ : Ko x Ky — R2. Suppose f : K1 x Ko — R? is a twice differentiable mapping on K1 x Ks such
that fst €L (h/la’yl +n (’727’71)} X ([733'73 + 5 (74773)])) where n (72771) > 0 and 5 (’747’73) > 0. If
w s ([ye, 7 + 1 (v2,70)] % ([13,73 + € (74,73)])) = [0,00) x [0, 00) is an integral mapping and |fs:|"
is preinvex function then for every vi,v2 € Ky and 3,74 € Ko, where ¢ > 1, then following inequality
holds:

I = Vi(%m)]””[5(%73)]”2< 4wl o

= LT (o) pa<o+1>(p+1>>

x ((1 n C,|)|1(12,H;0+ 20) [ fst (v, ¥a)* + | fse(va, va) [T + [ fse (v2,73) |7 + |fst(72,74)|q}) "L (61)
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Proof. Taking modulus of both sides of (40) and power mean inequality, we get

- P (i aa)

Qe

1 1
X </ / |P(s, )| | fes(1 + 51 (v2,71) 73 + 1€ (74773))|qudt)
0 0

From preinvexity of | f|? in coordinates, we have

p+2 0'+2
|J| < [77 (727'71)9‘(;7) ][f((;/;l”}/?y (/ / |P s, t |d8dt>

* (/0 (/o |P(s,8)] (1 = $)(1 =) | for(v1,v3)|" + (1 — )t | for (71, 7a)|?

1—

Qe

Q=

+(1 = )8 fse(v2, 13)|* + st fse(v2,72)[*) dt) « . (62)
After a straightforward computation, we obtain
‘fst(’)’la’%i)lq ||wHoo ! ! PO
= /O/Ost lts+1(1—8)+5(1—1)+ (1— ) (1 — s)] dsdt
| fse (i) wll o
R (©)
‘fst””‘* Il / / P s+t (1— ) +5(1— )+ (1— 1) (1 — 5)] dsdt
_ \fst(%,%)lq vl
BCACEI e (64)
q 1 1
fst””;g' ”w|°<>/0 /0 P t) [t +£(1— )+ (1 —t)+(1—1)(1—s)]dsdt
_ \fst(72,’73)|q ||wH
= el (©)
‘f“”m‘* IS ”“’” / / P =) ts 4t (1—8)+5(1—t) + (1— 1) (1 — )] dsdt
_ \fst(72,’74)|q ||w\|oO
 po(o+D)(p+1)° (66)
e L ]
w o0
/0 /O [P(s, Ol dsdt = = e . (67)
Using the results of (63), (64), (65), (66) and (67) in (62), we get required result. O

Corollary 2.7. If || f||,, = 1and p = 0 = 1 in (61), we get inequality similar to Theorem 2.3 in [9].
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3 Conclusions

Some new estimates for the lower and upper boundaries of fractional Hermite-Hadamard-Fejér
type inequality are obtained for coordinated preinvex functions which add up to the literature new
error bounds for the lower and upper boundaries of the Hermite-Hadamard-Fejér inequality for
preinvex functions in fractional integrals correspondingly.
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