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Abstract

In this paper, the transmission of HIV-HBV co-infection is carried out. The individuals who are
infected with both diseases HIV and HBV simultaneously, are said to be HIV-HBV co-infected.
These infected individuals have high risk of liver failure. It is the main cause for serious liver
complications like cirrhosis and liver cancer at younger age. A deterministic model is considered
with liquor habit in men and vaccination to new-borns and carrier mother. Carrier class results
in the vertical transmission. In this paper, the transmission dynamics of the model is analyzed.
The total population is divided in to twenty eight class viz. Susceptible, HBV Vaccinated, HBV-
infected female, HBV-carrier female, HBV infected alcoholic male, HBV carrier alcoholic male,
HBYV infected non-alcoholic male, HBV carrier non-alcoholic male, HBV recovered class, pre-
AIDS female, AIDS female, pre-AIDS-HBV co-infected female, AIDS-HBV co-infected female,
pre-AIDS-HBV carrier female, AIDS-HBV carrier female, pre-AIDS alcoholic male, AIDS alco-
holic male, pre-AIDS non-alcoholic male, AIDS non-alcoholic male, pre-AIDS-HBV co-infected
alcoholic male, pre-AIDS-HBV co-infected non-alcoholic male, pre-AIDS-HBV carrier alcoholic
male, pre-AIDS-HBV carrier non-alcoholic male, AIDS-HBV co-infected alcoholic male, AIDS-
HBV co-infected non-alcoholic male, AIDS-HBV carrier non-alcoholic male, HIV infected -HBV
recovered classes. The basic reproduction numbers for HIV, for HBV and for HIV-HBV are found
using next generation matrix. Local and global stability of HIV-HBV disease free equilibrium is
worked out. Model is validated with the numerical simulation.

Keywords: HIV-HBV co-infection; vertical transmission; liquor habits; vaccination; basic repro-
duction number; disease free equilibrium; local stability; global stability.
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1 Introduction

1.1 Hepatitis B Virus (HBV)

A viral infection Hepatitis B attacks on the liver and can cause both acute and chronic disease
as per the report of [8]. Hepatitis B (HBV) is a major threat globally. The virus can be transmitted
through contact with the body fluids of an infected person. [1] reported that in the Indian subcon-
tinent, approximately 2-5% of the general population is chronically infected and worldwide, an
estimated 370 million people are chronically infected with hepatitis B. Worldwide 7,80,000 people
die each year due to acute HBV. [2] and [3] established that the sexual transmission plays vital
role in spreading HBV. Vaccination gives immunity against HBV. Pregnant female are at high risk
of HBV. The immunization of pregnant female/carrier female is preventive measure in medical
science.

1.2 Human Immunodeficiency Virus (HIV)

The transmission of HIV/AIDS depends on many factors. It is observed that high rate of
HIV/AIDS is in a class of low literate and high poverty. The [7] reported that about 20% of the
children infected with HIV catch up AIDS in the neonatal age and die within first four years. The
remaining 80% of infected children develops AIDS in due course of life. Worldwide, an estimated
40 million people are infected with HIV as per [7]. [6] observed that starting treatment earlier can
control the disease spread.

1.3 HIV-HBV Co-infection

A person who is infected with both the Hepatitis B and the HIV viruses is said to have a
HBV/HIV co-infection. [1] estimated that 2 to 4 million have chronic HBV co-infection amongst
HIV infected persons. People co-infected with Hepatitis B and HIV both are 14 to 17 times more
likely to die than those with hepatitis B alone. [8] reported that the co-infection of HIV and HBV
also accelerates liver scarring. Some medicines which are used to treat HIV are toxic to the liver
and it makes matter worse. It is critical to understand the study of co-infectious disease and to
understand how diseases are related, what type of effective treatment and prevention should be
taken. [4] formatted mathematical models which provide insight into the disease dynamics, and
predicts effective control measures.

1.4 Proposed Vertical transmission

In this study, mathematical model for HIV-HBV co-infection with vaccination and alcoholic
habits is formulated and analysed. The epidemiological and biological features of both diseases
are incorporated. The next generation matrix method is used to find basic reproduction number
for co-infection suggested by [5].
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The paper is organised as follows. In section 2, we develop mathematical model through trans-
fer diagram by defining model parameters. In section 3, stability analysis of the system is discussed
and the model is interpreted using numerical simulations In section 4. In section 5, conclusions
are summarized.

2 Mathematical Model

To study, the spread of HIV-HBV co-infection under vaccination and liquor habits, a non-linear
mathematical system of differential equations is formulated. Total population is divided in to
twenty eight compartments, viz. Susceptible, HBV Vaccinated, HBV-infected female, HBV-carrier
female, HBV infected alcoholic male, HBV carrier alcoholic male, HBV infected non-alcoholic
male, HBV carrier non-alcoholic male, HBV recovered class, pre-AIDS female, AIDS female, pre-
AIDS-HBV co-infected female, AIDS-HBV co-infected female, pre-AIDS-HBV carrier female, AIDS-
HBYV carrier female, pre-AIDS alcoholic male, AIDS alcoholic male, pre-AIDS non-alcoholic male,
AIDS non-alcoholic male, pre-AIDS-HBV co-infected alcoholic male, pre-AIDS-HBV co-infected
non-alcoholic male, pre-AIDS-HBV carrier alcoholic male, pre-AIDS-HBV carrier non-alcoholic
male, AIDS-HBV co-infected alcoholic male, AIDS-HBV co-infected non-alcoholic male, AIDS-
HBYV carrier non-alcoholic male, HIV infected -HBV recovered classes.

Mathematical model is derived with following notations.

Table 1: Notations with model parameter values.

Notation Details l?aramet—
ric Values
N(t) Total Population at time ¢ 10000
S(#) lt\Iumber of susceptible HBV and HIV individuals at time 100
Vi (t) Number of vaccinated (HBV) individuals at time ¢ 98
By (t) Number of HBV infected female individuals at time ¢ 5
Byc(t) | Number of HBV carrier female individuals at time ¢ 7
Py (t) Number of Pre-AIDS female individuals at time ¢ 8
Af(t) Number of AIDS female individuals at time ¢ 5
PB(1) Number of Pre-AIDS and HBV co-infected female 10
I individuals at time ¢
AB;1(t) Number of AIDS and HBV co-infected female 8
I individuals at time ¢
Number of Pre-AIDS infected HBV carrier female
PByc(t) individuals at time ¢ 10
Number of AIDS infected HBV carrier female individuals
ABjyc(t) . 8
’ at time ¢
Number of HBV infected alcoholic male individuals at
Bmal (t) . 10
time t
Number of HBV carrier alcoholic male individuals at
BmaC (t) . 10
time ¢
Pra(t) Number of Pre-AIDS alcoholic male individuals at time ¢ 8
Apma(t) | Number of AIDS alcoholic male individuals at time ¢ 8
Number of Pre-AIDS and HBV co-infected alcoholic male 15
PB,q;(t) | individuals at time ¢
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class

Notation Details I')aramet—
ric Values
Number of AIDS and HBV co-infected alcoholic male
AB7naI (t) . - . 8
individuals at time ¢
Number of Pre-AIDS infected HBV carrier alcoholic male 15
PBac(t) | individuals at time ¢
Number of -AIDS infected HBV carrier alcoholic male 3
ABipac(t) | individuals at time ¢
Number of HBV infected non-alcoholic male individuals
Brmnar (t) at time ¢ 5
Number of HBV carrier non-alcoholic male individuals at
anaC(t) time ¢ 5
Number of Pre-AIDS non-alcoholic male individuals at
Prna(t) ) 8
time ¢
Amna(t) | Number of AIDS non-alcoholic male individuals at time ¢ 5
Number of Pre-AIDS and HBV co-infected non-alcoholic 12
PBnar(t)| male individuals at time ¢
Number of AIDS and HBV co-infected non-alcoholic 5
ABnar(t)| male individuals at time ¢
Number of Pre-AIDS infected HBV carrier non-alcoholic 12
PBpnac(t) male individuals at time ¢
Number of AIDS infected HBV carrier non-alcoholic 5
ABpnac(t) male individuals at time ¢
Rp(t) HBYV recovered individuals at time ¢ 3
HIV/AIDS infected but HBV recovered individuals at
Rpas(t) time ¢ 8
B New recruitments 200
3 Recruitment rate of HBV non-vaccinated individuals at 0.02
birth time )
w Proportion of the new birth without successful 0.05
vaccination )
The rate of waning vaccine-induced immunity in male
T Bma . 0.03
alcoholic
—— The rate of waning vaccine-induced immunity in male 0.001
non-alcoholic
TBYf The rate of waning vaccine-induced immunity in female 0.001
1) Vaccination rate 0.98
Rate of pre-AIDS infected female moving for AIDS 05
T infected female class ’
Rate of HBV, pre-AIDS co-infected female moving for 0.6
12 HBYV, AIDS co- infected female class ’
Rate of HBV, pre-AIDS co-infected carrier female moving 0.8
e for HBV, AIDS co-infected carrier female class ’
Rate of pre-AIDS infected alcoholic male moving for 0.8
Yma AIDS infected alcoholic male class ’
Rate of HBV, pre-AIDS co-infected male alcoholic moving 0.8
fmal for HBV, AIDS co- infected male alcoholic class ’
Rate of HBV, pre-AIDS co-infected carrier male alcoholic
Yma2 moving for HBV, AIDS co-infected carrier male alcoholic 0.8
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Notation Details Paramet-
ric Values
Rate of pre-AIDS infected non-alcoholic male moving for 0.7
Tmna AIDS infected non-alcoholic male class '
Rate of HBV, pre-AIDS co-infected non-alcoholic male
Ymnal moving for HBV, AIDS co- infected non-alcoholic male 0.7
class
Rate of HBV, pre-AIDS co-infected non-alcoholic carrier
Ymna2 male moving for HBV, AIDS co-infected non-alcoholic 0.5
male carrier class
I Natural death rate 04
a Disease induced death rate because of HBV infection 0.05
Qo Disease induced death rate because of AIDS 0.1
71 Probability of acquiring HBV of individuals in Py 0.3
Ty Probability of acquiring HBV of individuals in A 0.6
T3 Probability of acquiring HBV of individuals in P,,, 0.3
T4 Probability of acquiring HBV of individuals in Py, 0.3
s Probability of acquiring HBV of individuals in A,,, 0.6
T6 Probability of acquiring HBV of individuals in A4 0.6
U1 Probability of acquiring HIV of individuals in By; 0.4
o Probability of acquiring HIV of individuals in B¢ 0.5
3 Probability of acquiring HIV of individuals in By,,1 0.4
N Probability of acquiring HIV of individuals in By, .1 04
s Probability of acquiring HIV of individuals in By,.¢ 0.75
g Probability of acquiring HIV of individuals in By, n.c 0.3
P Probability of acquiring HIV of individuals in Rp 0.1
Probability of HBV infected individual female acquires 0.05
ar female carrier class '
Probability of HIV-HBV co-infected individual female 0.001
1PEf acquires HIV-HBV female carrier class '
Probability of AIDS-HBV co-infected individual female 0.001
4ABf acquires AIDS-HBV female carrier class '
g Probability of HBV infected individual alcoholic male 0.07
me acquires alcoholic male carrier class ’
Probability of HBV infected individual non-alcoholic 0.05
(mna male acquires non-alcoholic male carrier class '
Probability of HIV-HBV co-infected individual alcoholic 0.08
aPBma | male acquires HIV-HBV alcoholic male carrier class ’
Probability of AIDS-HBV co-infected individual alcoholic 0.08
4ABma male acquires AIDS-HBV alcoholic male carrier class ’
Probability of HIV-HBV co-infected individual
qPBmna non-alcoholic male acquires HIV-HBV alcoholic male 0.04
carrier class
Probability of AIDS-HBV co-infected individual
qABmna non-alcoholic male acquires AIDS-HBV alcoholic male 0.04
carrier class
, Number of HBV infected individual female acquires 8
f female carrier class
Number of HIV-HBV co-infected individual female ’
"PBf acquires HIV-HBV female carrier class
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Notation Details rIi)gr\;/a;?s:s
‘ Number of AIDS-HBV co-infected individual female 5
"ABS acquires AIDS-HBV female carrier class
, Number of HBV infected individual alcoholic male 5
ma acquires alcoholic male carrier class
, Number of HBV infected individual non-alcoholic male 3
e acquires non-alcoholic male carrier class
Number of HIV-HBV co-infected individual alcoholic 6
"'PBma male acquires HIV-HBV alcoholic male carrier class
Number of AIDS-HBV co-infected individual alcoholic 6
"ABma male acquires AIDS-HBV alcoholic male carrier class
Number of HIV-HBV co-infected individual alcoholic 6
"PBma | male acquires HIV-HBV alcoholic male carrier class
B Number of AIDS-HBV co-infected individual alcoholic 6

male acquires AIDS-HBV alcoholic male carrier class
Number of HIV-HBV co-infected individual

T'PBmna non-alcoholic male acquires HIV-HBV alcoholic male 2
carrier class

Number of AIDS-HBYV co-infected individual
TABmna | Non-alcoholic male acquires AIDS-HBV alcoholic male 2
carrier class

Rate of HBV female carrier moves towards HBV

ks recovered Rp class 0.7
1 Rate of HBV alcoholic male carrier moves towards HBV 03
ma recovered Rp class ’
3 Rate of HBV non-alcoholic male carrier moves towards 08
mna HBV recovered Rp class )
i Rate of HIV-HBV female carrier moves towards HBV 0.01
PBf recovered Rp4p class ’
3 Rate of AIDS-HBV female carrier moves towards HBV 0.01
ABf recovered Rp4p class ’
1 Rate of HIV-HBV alcoholic male carrier moves towards 0.01
PBma HBV recovered Rp4p class )
& Rate of AIDS-HBYV alcoholic male carrier moves towards 0.01
ABma HBYV recovered Rp4p class ’
1 Rate of HIV-HBV non-alcoholic male carrier moves 0.05
PBmna | tywards HBV recovered Rp4p class )
1 Rate of AIDS-HBV non-alcoholic male carrier moves 0.05
ABmna | yowards HBV recovered Rpap class )
v Proportion of Perinatal infected new borns by carrier 0.12
! mother in By¢ '
v Proportion of Perinatal infected new borns by carrier 0.01
2 mother in B,,,..c ’
v Proportion of Perinatal infected new borns by carrier 0.001
s mother in AByc '
- Proportion of Perinatal infected new borns by carrier 0.002

mother in AB,,,.c
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Notation Details I.’aramet-
ric Values
Proportion of Perinatal infected new borns by carrier
vs . 0.001
mother in PByc
Proportion of Perinatal infected new borns by carrier
Vg . 0.001
mother in PB,,nqac
The effective contact rate for Sexual transmission of HBV
Br 0.0004
amongst female
w The relative infectiousness related to Sz of individuals 0.01
! in the PB,,,.; and PB,,nar ’
w The relative infectiousness related to 8z of individuals 0.01
2 in the AB,,.r and AB,,nar ’
w The relative infectiousness related to 8z of individuals 0.03
s in the Brac and Binac .
w The relative infectiousness related to Sz of individuals 0.04
4 in the PB,,.c and PB,,nqc ’
w The relative infectiousness related to 5z of individuals 0.02
5 in the AB,,.c and AB,.ac '
The effective contact rate for Sexual transmission of HBV
5Bma . 0.0001
amongst alcoholic male
The relative infectiousness related to 33, of individuals
we ) 0.01
in the PBy
The relative infectiousness related to 8p,,, of individuals
wry . 0.01
inthe ABy;
The relative infectiousness related to 3p,,, of individuals
ws . 0.03
in the B fC
The relative infectiousness related to 3p,,, of individuals
Wo . 0.04
in the PB¢¢
The relative infectiousness related to 8p,,, of individuals
w10 . 0.2
in the AByc
The effective contact rate for Sexual transmission of HBV
6B7nna . 0.0001
amongst non-alcoholic male
The relative infectiousness related to 5g,nq Of 0.01
i individuals in the PBy '
" The relative infectiousness related to 5g,mnq Of 0.01
12 individuals in the ABy; ’
i The relative infectiousness related to 8g,,ne Of 0.02
13 individuals in the B¢ )
" The relative infectiousness related to 5p,nq Of 0.01
1 individuals in the PBc '
The relative infectiousness related to 5p,mnq Of 0.01
wis individuals in the AB¢¢ )
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HBV

Notation Details I')aramet—
ric Values
The effective contact rate for Sexual transmission of HIV
Bpy 0.0003
amongst female
The relative infectiousness related to Sp of individuals 0.03
n in the Ay, and Apne :
The relative infectiousness related to 5p of individuals 0.01
2 in the PB,,,r and PB,,,ar1 ’
] The relative infectiousness related to 5p of individuals 0.03
3 in the AB,,,; and AB,,nar ’
The relative infectiousness related to Sp; of individuals 0.04
1 in the PB,,.c and PB,,,.ac ’
The relative infectiousness related to Sp of individuals 0.02
15 in the AB'rrLaC and AB’mnaC ]
The effective contact rate for Sexual transmission of HIV
ﬁPma . 0.005
amongst alcoholic male
The relative infectiousness related to 5p,,, of individuals
N6 . 0.001
inthe Ay
The relative infectiousness related to 5p,,, of individuals 0.01
K in the PB fI )
The relative infectiousness related to 5p,,. of individuals
78 . 0.03
in the ABy;
The relative infectiousness related to 3p,,, of individuals
Mo . 0.04
in the PBy¢
The relative infectiousness related to 5p,,, of individuals 0.2
o in the AB fC ’
The effective contact rate for Sexual transmission of HIV
BPmna . 0.0003
amongst non-alcoholic male
The relative infectiousness related to Spmna Of
M1 o 1 . 0.001
individuals in the A
. The relative infectiousness related to Spyna Of 0.01
h individuals in the PB/ '
The relative infectiousness related to Spyna Of 0.02
s individuals in the AB; '
The relative infectiousness related to Spmna Of 0.01
4 individuals in the PBy¢ ’
The relative infectiousness related to Sp,na Of 0.01
s individuals in the AB¢c '
The effective contact rate for non-sexual transmission of
BB 0.005
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Notation Details I"aramet—
ric Values
o The relative infectiousness related to 55 of individuals in 0.05
10 the BfC/ BmaC/ Brnac '
w The relative infectiousness related to Sp of individuals in 0.01
17 the PBfI/ PBmaI/ PBm,naI )
The effective contact rate for non-sexual transmission of
Bp 0.002
HIV
The relative infectiousness related to /3, of individuals in
M6 the PfI/ PmaI/ Pmnal/ ABfI/ ABmaI/ AanaI/ PBfC/ 0.16

PBac, PBmnac, ABfC/ ABmaC/ AanaC

The relative infectiousness related to 3, of individuals in
mr the PBf[, PBma[, Pana], ABf], ABma[, AanaI, 0.01
PBfC/ PBmaCr PanaC’r ABfC/ ABmaC/ AanaC

ABma Force of Sexual infection of HBV in male alcoholic Model
Parameter

ABmna Force of Sexual infection of HBV in male non-alcoholic Model
Parameter

ABf Force of Sexual infection of HBV in female Model
Parameter

APma Force of Sexual infection of HIV in male alcoholic Model
Parameter

APmna Force of Sexual infection of HIV in male non-alcoholic Model
Parameter
Apt Force of Sexual infection of HIV in female Model Pa-

rameters

AB Force of non-sexual infection of HBV Model
Parameter

Ap Force of non-sexual infection of HIV Model
Parameter

To prepare the model, we have consider following possibilities of the disease spread.

i) Vertical Transmission of infection to new-borns from chronic carrier mothers.
ii) Nonsexual transmission amongst total population.

iii) Heterosexual transmissions amongst adults.

To derive the model, we have assumed that the male and female population sizes are identi-
cal and after vaccination loss of immunity is negligible. It is also considered that HIV infected
individuals will have liver failure as side effects of drugs used to control HIV infection.

Disease Dynamics

We assumed that the susceptible adults become HBV, HIV or HBV and HIV co- infected via sex-
ual contacts, blood transmission and pregnancy complications, and it leads to the birth of infected
new-born. A fraction of new-born are vaccinated at birth time and hence they join susceptible
class at the rate of fw(1 — (v1 + v2)Brc — (v3 + va)AByc — (vs + vg)PByc) While, remaining
Bw((v1 +v2)Bye), Bw((vs + v4))AByc and Bw((vs + vs))PByc joins different carrier classes.
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After the birth vaccination is given to susceptible, who join vaccinated class at the rate ¢, re-
maining infected susceptible joins either of the classes By¢r, Byar , Bmnar, Pf, Pma and Pppq at
rate of (1 - 6)/\Bf +ui g, (1 - 5)/\Bma +us\pg, (1 — 5)/\an@ + (1 — U — UQ)/\B, (1 — 5)/\pf +ai\p,
(1=0)ApPma +a2Ap and (1 — ) Apmng + (1 — a1 —a2) Ap respectively. Here A, ABma, ABmnas APy,
APma, APmna, AB, Ap are the forces of infection transmission. Vaccinated individuals loses their
immunity and joins classes B¢r, Bmar, Bmnal, P, Prma and Py, at rate of TpfABs, TBmaABmas
TBmnaABmnas APf, APma aNd Apmn, respectively.

HBYV infected individuals in classes By, Byqr and By,pn,r get an acute infection and moves to-
wards HBV carrier classes B¢, Binac and Bnac at the rates ¢¢r ¢, ¢mamae and ¢mna"mna respec-
tively. Remaining HBV infected individuals in By, Byer and Byunar classes either move towards
recovered class Rp at the rates (1 — ¢;)7rs, (1 — ¢ma)Tma and (1 — @mna)"mna respectively or gets
HIV infection and move towards PBy;, PBy,q; and PB,,.; classes at the rates ¢1(1 — gy)Apy,
¥3(1 — ¢ma) APma aNd Y4 (1 — Grmna ) A Pmng respectively. HBV carrier individuals in B¢, Bpac and
Biunac classes either move towards HBV recovered class Rp at rates k¢, kp,o and kjpq respec-
tively or die out due to HBV at rate a; or get HIV infection and move towards PByc, PBpqac and
PB,nc classes at the rates ©2(1 — k) Aps, 15(1 — kma) APma and ¥6(1 — kpna) A Pmna Tespectively.

HIV infected pre-AIDS individuals in classes Py, Py and Pp,p, either get full AIDS and moves
towards classes A¢, Apq and Ap,nq at the rates 1, Yma and Yimnq respectively or gets HBV infection
and move towards PBy;, PBp,qr and PBy,pq1 classes at the rates 71 (1 —v¢1) A ¢, 73(1 = Yima) ABma
and 74 (1 — Yimna ) A Bmna respectively. Pre-AIDS-HBV co-infected PB;, PB,y,q1 and PB4 either
gets acute HBV infection and move towards carrier classes PB¢c, PBpoc and PBy,,qc at rates
qpBf(1 = v52)rPBf, @PBma(l = Yma1)TPBma aNd ¢pBmna(l — Ymna1)7TPBmna respectively or get
full AIDS and move towards AByr, ABy,qr and ABp,nar at rates vs2, Yma1 and Ymna1 respectively
or move towards HBV recovered class Rpap at rates (1 — gppy)(1 — v2)rPBf, (1 — ¢PBma)(1 —
Yma1)"PBma aNA (1 — ¢pBmna)(l = Ymna1 )T PBmna respectively. pre-AIDS HBV carrier individu-
als PByc, PBpoc and PB,,,qc either gets full AIDS and enters in to classes ABfc, ABpoc and
ABpnac atrates v¢3, Yma2 and ymnq2 respectively or move towards HBV recovered class Rpap at
rates kpgpf, kpBmae and kppmna respectively or die out due to HBV at the rate ;.

AIDS individuals Ay, A;,q and A, either get HBV infection and move towards AByr, ABpar
and ABj,nqr classes at the rates oA ¢, T5ABma and T6ABmna respectively or die out due to HIV
at the rate as. AIDS- HBV co-infected ABy;, ABy,or and AB, .1 either gets acute HBV infection
and move towards carrier classes AB¢c, AByqac and ABnqac atrates gaprapf, ¢ABma” ABmae and
gABmna’ ABmna Tespectively or move towards HBV recovered class Rpap at rates (1 —qapf)rany,
(1 — gaBma)"ABma aNd (1 — ¢4 Bmna)" ABmna respectively or die out due to HIV at the rate as.
AIDS HBV carrier individuals AB¢¢, AByqc and ABy, ¢ either move towards HBV recovered
class Rpap at rates kaps, kaBma and kapmne respectively or die out due to HBV at rate o; or
die out due to HIV at rate ap. HBV recovered individuals Rp either goes to pre-AIDS or AIDS
infected-HBV recovered class Rpp at the rate )(Aps + Apma + APmna)-
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The transmission of disease in various compartments is shown in Figure 1.
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Figure 1: Disease dynamics in population.
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dA
th = ’yflpf — TQ)\BfAf - IJ/Af - OéQAf,
dPB
dtﬂ =71 (L—vp1) AppPr + 91 (1 —qp) A\ps Brr — uPBgr — vp2 P By

—qpef (1 =vp2)rpfPByr — (1 —qpBy) (1 —vp2) rPBy PBy1,

= BW’UQBfC - ’(/}6 (1 - kmna) ApmnaanaC + qmnarmnaanaI - (M + al) anaC
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(1)

(2)

(3)

(4)

(5)

(6)

(7)

(8)

(10)
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dAB
dtﬂ =2 PByr +mAs Ay — (0 + a2) AByr — qapsraprAByr — (1 — qapy) raprAByr,
(13)
dPB
ch = PwvsPBye +qppy (1 —=752) PByirppy + 42 (1 = kf) ApsBre = V3P Bye
—(M+a1)Pch—kprPch7 (14)
dAB;c
—a - BwvsAByfe +YgsPBye + qapfABsrrapy — (0 + a1 + o) PBy. — kapfABye, (15)
dPpa
dt = [(1 - 5) S + VB] Apma — T3 (1 - ’Yma) )\Bmapma - Nlpma - ’Ymapma + a2/\PS, (16)
dAma
7 = PYmaPma - 7—5>\BmaAma - (/14 + Ckg) Amaa (17>
dena
dt = [(1 - 5) S + VB} )\pmna — T4 (1 - Wmna) )\anapmna - ,U/Pmna - ’YmnaPmnaa
+ (1 — a1 — ag)/\PS, (18)
dAmna
dt - ’YmnaPmna - 7—6)\BrnnaAmrnna - (/14 + Ck2) Amnaa (19>
dPB,,,
TI =173 (1 - P)Im) )\Bmapm + ’(/}3 (1 - qma) ApmaBmaI - ’VmalPBmaI
— 4PBmal (1 - 'Ymal) "PBmal’Bmar — 4P Bar
- (1 - QPBma) (1 - ’Ymal) TPBmal P’ Bmar, (20>
dPana
TI = T4 (1 - 'Ym) AanaPm + w4 (1 - ana> )\pmnaanaI - MPanaI
— dPBmnal (1 - ’Ymnal) 7P Bmnal’ Bmnal — Ymnal P Bmnarl
- (1 - qPana) (1 - ’Ymnal) TPanaIPanab (21)
dAB .4
TI - TSABmaAm + ’YmaIPBmal - qABmaTABmaABmaI - (1 - qABma) TABmaABmaI
— (u+ a2) ABpar, (22)
dAana
TI = TGAanaAm + 'YmnalPanaI - qAanarAanaAanaI
- (1 - qAana) 7ﬂAB?nnaABWLnaI - (/~L + 042) AanaIa (23>
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dPB,,qc
T = dPBma (1 - ’Ymal) TPBmaPBmaI + '(/)5 (1 - kma) )\PmaBmac - kPBmaPBmac
— Yma2P Bmac — (M + al) PBpe, (24)
dPanac
T = 6WU6Pch + dPBmna (1 - ’Ymnal) rPanaPanaI + wﬁ (1 - kmna) )\Pmnaanac
- kPanaPanac - ’Ymna2Panac - (/Uf + al) Panam (25)
dABmac
T = ’Yma2PBmac + qABmarABmaABmaI - k;ABmaABmac - (M + a1 + OQ) Aanam (26)
dAanac _
T = BwugABpqc + Ymna2P Bmnac + gABmna” ABmnaABmnar — kABmnaABmnac
- (,Uz +a; + aZ) Aanaca (27)
dRpap
7 Y (Apf + Ama + Amna) Rpas + (1 —qppy) (1 — vf2) rpes PByr
+ (]- - qABf) TABfABfI + (]- - qABma) TABmaABmaI + (]- - qAana) rAanaAanal
+ (]- - qPana) (]- - ’Ymnal) TPanaPanaI + (]- - qPBma) (]- - 7ma1> rPBmaPBmaI
+ kABfAch + kPBfPch + kABmaABmac + kPBmaPBmac
+ kPanaPanac + kAanaAanac - (M + a1 + 042) RPAB, (28)
with,

N(t)=S5(t) + V(t) + Bff(t) + ch(t) + Bma1(t) + Bmnar(t) + Bmac(t) + Bmnac(t)
+ Rp(t) + Rpap(t) + Pr(t) + A (t) + Prna(t) + Ama(t) + Prna(t) + Apna (t)
+ PByi(t) + ABy1(t) + PBso(t) + ABso(t) + PBrar(t) + ABmai () + PBunar (t)
+ ABpnai(t) + PBimac(t) + ABmac(t) + PBmnac(t) + ABmnac (), (29)

where force of infections are defined by
)\Bf - 6Bf[(BmaI + anal) + wl((PBmaI + PanaI) + wo (ABmaI + AanaI))
+ WS(((BmaC + anaC) + o~)AL(P-Brr7,¢7,(:' + PanaC)) + Wws (ABmaC + AanaC))]a

ABma = BBmalByr1r +we(PByr + w7 ABsr) + ws(Byro + wo(PBrc + wi0ABjsc))],
ABmna = BBmna[Byfr + w11 (PByfr + wi2ABy1) + wis(Bco + wia(PByce + wisAByc))],

)\Pf = BPf[(Pma + Pmna + m (Ama + Amna)) + WQ(PBmaI + PanaI + nS(ABmal + AanaI))
+ n4(PBmaC + PanaC + WS(ABmaC + AanaC))]u

APma = Bprmal(Py +n6Ays) +n7(PBsr +nsAByr) +n9(PBc + moABysc)],
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APmna = BrPmna[(Pr +m1A4f) + mo2(PByr +msAByr) +n14(PByc +msABjsc),

AB = BB[(BfI + BmaI + anaI) + WlG(BfC + BmaC + anaC) + UJ17(PBf[ + PBmaI + PanaI
+ ABfI + ABmaI + AanaI + PBfC + PBmaC + PanaC’ + ABfC + ABmaC + AanaC)];

>\P = BP[(Pf + Pma + Pmna,) + 7716(Af + Ama + Amna) + 7717(PBfI + PBma,I + PanaI + ABfI
+ ABmal + AanaI + PBfC + PBmaC + PanaC + ABfC + ABmaC + AB7nnaC)]~

The feasible solution of system of equations given by (1) to (8) and (10) to (27) is in the region

S7 VBaBf[;BfC7BmaIaBmaC)anaI)anaC7Pf7AfaPBfI7 B + ﬁ
Q7: ABfIaPBfCaABfC;PmaaP’mnaaAmayAmnaaPBmaDPanaIa ZO,N(t) <
ABmaIa AanaIa PBmaCa PanaCa ABman AanaC #

3 Stability Analysis

3.1 Disease free Equilibrium (DFE)

The HIV-HBV model (1) to (28) has a DFE

_ < Bib 4 msUw)L0WBHA) (.0 0,0,0,0,0,0, )
0o — .

ptd p(u+o)
0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0

Basic Reproduction number at DFE

Model for HIV only

Using equations (10), (11),(16),(17),(18) and (19) with next generation matrix method pro-
posed by Driessche and Watmough, basic reproduction number for HIV only is derived.

Let

’

X}-I = (PfyAfvpmaaAmaapmnayAmna) )

where dash denotes derivative.
dX
Xy = TtH =SQu (Xu) —ve (Xu),

where,

Sy (Xu) =
(1 =0)S+ V) Bps [(Pma + Pmna) + 11 (Ama + Amna)] + a18p [(Pf + Pma + Pmna) + 116 (Af + Ama + Amna)l S
(1 =08)S+V)Brma(Ps +n6As)+a2Bp [(Pf + Pma + Pmna) + M6 (Af + Ama + Amna)l S
(1 =08)S+ V) Brmna(Pr +n6As)+a2Bp [(Pf + Pma + Pmna) + M6 (Af + Ama + Amna)l S ,
0

0
0
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and,

(n+751) Py
(U“’"Yma + O‘Z) Pra
(/u' + Ymna + 042) Pona
(4 ag) Ay =y Py
(/L + 042) Ama - ’YmaPma
(/’6 + 042) Amna - ernaPmna

UVH (XH) =

Using F; = [a“gix(f‘))} and V; = [%gix(f‘“)} fori,j=1,2,3,..6,

An A+ A A+ An MeA11 MmeAi1 + Az meAir +mAi
Ag1 + Ago Ao Ao MeAa1 + neAaz MeAai MeAai
B o= Az + Asg Az Az MeAsz1 + 6 As2 N6 As1 N6 As1
t= 0 0 0 0 0 0 ’
0 0 0 0 0 0
0 0 0 0 0 0
where,
A1 = a18pS, A= ((1=90)S+V)Byy,
Agy = as8pS, Ag = ((175)S+V)Bpmaa
Az1 = (1 — a1 —a2)BpS, Azz = ((1=0)S+ V) Bpmna,
and

[ e T3 0 0 0 0 0
0 U+ az + Yma 0 0 0 0
Vi = 0 0 u+ a2+ Ymna 0 0 0
—f1 0 0 1% + 0 0
0 —Yma 0 0 o+ oo 0
0 0 —Ymna 0 0 W+ oo

Basic reproduction number R{!for HIV only is largest Eigenvalue of F;V;” ', with the parametric
values given in Table 1 at disease free equilibrium, Réf =0.6133.

Model for HBV only

Using equations (1) to (8), as discussed above the basic reproduction number can be computed
as follows. Let
X/B = (Bf17 cha Bmala BmaC7 ana17 ana07 SB; VB)/a

where dash denotes derivative.
_ dXp

.'.X/B - W = SB (XB) — UB (XB)a
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where,

S (XB) =

)\Bf [ﬂ—bfVB + (1 - 6) SB] + Ul[BfI + Bmal + ana[ +w16(BfC + BmaC + anaC)]SB
)\Bma [ﬂ-bmaVB + (1 - 5) SB]+U2 [BfI + Bma] + ana] + WIG(BfC + BmaC + anac)]SB

0

o O OO

and

(n+rp) Byr
(1t + Tma) Bmarl
(e + Tmna) Bmnar
—qfriByr+ (p+ a1+ ky — Bwvr) Bye
—maTmaBmar + (1 + @1 + kma) Bmac
—GmnaTmnaBmnar + (1t + @1 + kmna) Bmnae — Bwva By

-5 (1 — w) —0Sg + (ﬂ'bf)\Bf + TomaABma + Tomna\Bmna + u) Vg
|—B — Bw+ (1 =68) Ay + ABma + ABmna) SB + ASs + (11 + 6) Sp

. S B (X F>, 0 upi(X Va2 0 .
Using [%} = [02 0} and {%0)} = [Ji JQ] fori,j=1,2,3,...8,

Fy=
[ Bu Bi1+Bi2  1B11+DBi2 wi6B11 wieBr1t+wsBi2 wigBi1+w3Bia
By1+Bas Bay Bay w16 Ba1+ws3Boo wieBoa1 w16 B21
B31+Bs3s Bs; B3 w16 Bs1+ws3Bsa wieB31 wieB31
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
L 0 0 0 0 0 0
where,
By = u18BSB, Biy = Byy (mpy Ve + (1 = 0) Sp),
Boy = us8Sp, Bas = Bma (WbmaVB =+ (1 - 5) SB) )
B31 = (1 —ur — UQ)BBSBa B32 = 6mna (7TbmnaVB + (1 - 6) SB) .

SO OO OO O O

)\ana [ﬂ-bmnaVB + (1 - 5) SB]+(1 —Uur — UQ)[BfI + Bmal + ana[ + Wlﬁ(BfC + BmaC + anaC)}SB

O O OO oo O
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.V.2 =
ntry 0 0 0 0 0 0 0
0 m~+ Tma 0 0 0 0 0 0
0 0 n+ Tmna 0 0 0 0 0
—qrr_§ 0 0 —Bwvr + ptar + kg 0 0 0 0
0 —dmaTma 0 0 w+ ar+kma 0 0 0
0 0 —gmnaYmna —Bwva 0 p+artkmna 0 0
B71 + Bro Brs Brs wgB71 4+ w13 Bra w3 Brs w3 Brs o =0
Bg1 + Bs2+Bg  Bss + Bg Bgs + Bg wsBg1 + wizBs2t+wieBs  w3Bsz +wieBg w3 (1—0)SBy 0 p+46

where,
B7 = 71—BmaﬂBmaa By = 7ranaﬂanaa B3 = ’/TBfﬁBfa
Bsi = (1 =10)BBmar  Bs2 = (1 =0)BBmna, Bgz = (1 —9)By.

Basic reproduction number R for HBV only is largest Eigenvalue of F,V, 'with the given para-
metric values in Table 1 and at disease free equilibrium R = 0.1592.

HIV-HBYV co-infection at DFE

Hence, R = RE (1 - 23)=0.6013.

3.2 Existence and Stability of Boundary Equilibria

The HBV only (HIV free) equilibrium X is given by

_ B+ 60.)(1 — (Ul + ’Ug) ch)
5+M+ (1 - 5)()‘Bf + )\Bma + )\ana) + /\B,

Sp

B(l — W) + 685
7TBf>\Bf + TBmaABma + TBmnaABmna + .U,
(1 =9)ApsSp +msVp +ui1ApSp
Tt p ’
(1 - 5)>\BmaSB + WBmaABmaVB + UQABSB
T'ma + [
(1 - 5)AanaSB + ﬂ—ana)\anaVvB + (1 —ur — UZ))\BSB
Tmna + 1
arriBy1
kr+p+ o — Bwvy’

Ve =

By =

BmaI = ’

Brinar = ’

ch =
QmaTmaBmaI
kma +u+ o ’

BW'UQBfC + @mnaTmnaBmnar
kmna + 12 + (071

>\Bf == 6Bf[(BmaI + anal) +w1((PBmal + PanaI))}a
ABma = ﬁBma[BfI +WSBfC]7

BmaC =

anaC =

3

)\ana = 6ana [Bfl + W13BfC];
Ap = /BB[(BfI + Bpar + anal) + w16(BfC + Bpac + anaC)]-
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To obtain the capacity of HIV to invade and persists in a population when HBV is at equilibrium

Using equations (10),(11), (16), (17), (18) and (19), we compute reproduction number at X 5.

Let

’

X/HB = (vaAfvPmaaAmavanaaAmna) ’

where dash denotes derivative.

H
XMy = dXp" _ S (X) —v(X),
dt
where,
S(X) =Su (Xu),
and

(471 + 71 =vp1)Apy) Pr
(ﬂ + Yma + a2 + 7_3(1 - ’Yma)ABma) Pma
v (X) _ (M + Ymna + Q2 + 7—4(1 - 'Ymna))\ana) Prna
(b4 o2+ T2App) Ap =77 Py
(,U + g + 7'5/\Bma) Ama - '77naPma
(p, + a2 + 7—6)\an(1) Amna - '-Ymnapmna

Using F3 = {%} and V3 = {%} fori,j=1,2,3,...,6, we have, F3 = F; and

Vi1 0 0 0 0 0
0 Vaa 0 0 0 0
oo | 0 0 Vass5 0 0 0
3= —Yf1 0 0 Via O 0
0 —Yma 0 0 ‘/55 0
0 0 —Ymna 0 0 ‘/66

where,

Vit = p+v51 + 111 —v41) Ay,

‘/22 =u+ a2+ Yma + 7—3(1 - meCL))\Bmaa
‘/33 =u + (0%) + Ymna + 7—4(1 - ’Ymna)/\anav
Vis = p+ s + Ay,

Vss = p+ a2 + 5 A Bma,

Voe = o+ a2 + T6ABmna-

Basic reproduction number RE for HBV in population where HIV is fixed is largest eigenvalue of
F3V; ! at Xp and with the given parameter valuesR% (X ) = 0.6133. This is due to vaccination.
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4 Simulation and Numerical analysis

Now we carry out simulation to study stability of the system which indicates the nature of the

co-infection.

Table 2:

Effect of change in model parameters on stability.

Increase in model pa- | System sta- | Increase in model pa- | System sta-
rameters bility rameters bility

B8 Unstable B Unstable

Bp Unstable 1 Stable

Bpy Unstable o Stable

BPma Unstable 1o Stable

6Pmna Unstable

From Table 2, it can be observed that increase in number of susceptibles, rate of new birth, rate
of HIV infection sexual and nonsexual makes system unstable. While, natural death, vaccination
rate, HIV induced death rate makes system stable. Also, it is observed that increase in birth rate
and decrease in vaccination rate simultaneously moves system faster towards unstability.

Population

AIDS iafected and
HBY carrier female

AIDS infected and
HBY carrier male
alcobolic

AIDS nfected and
HBY carricr male
non-alcobolic

ALDS-HBY
coinfectod male
noa-alcobaolic

ALDS-HBY
inkecied

. female

Time (1 unit = 8 years)

Figure 2: HIV - HBV co-infection with liquor habit.
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From Figure 2, it can be observed that the alcoholic habits increases AIDS infected HBV carrier
alcoholic male individuals and result of it is decrease in AIDS-HBV co-infected individuals. Also,
alcoholic male individuals move faster towards carrier class then non- alcoholic males. As female
HIV- HBV co-infected are at high risk of moving towards carrier but effect of vaccination makes
HIV infected HBV carrier female class stable after time period.

— PBfl
—PBfC
=——PBmal
——PBmnal
=—PBmac
PBmnac

Population in pre-AIDS

Time (1 unit = 8 years)

Figure 3: Effect of vaccination on pre-AIDS co-infected classes.

In Figure3, effects of vaccination on Pre-AIDS HBV co-infected and carrier classes are shown. It
shows as time increases infected moves faster towards stability then carrier classes.

3

7

o0

Population

Population

E

Time (1 unit =8 years) Time (1 unit = 8 years)

Figure 4: Dynamics of pre-AIDS and AIDS classes.

In Figure 4, dynamics of Pre-AIDS and AIDS classes are obtained. It shows as AIDS individuals
increases faster than the pre- AIDS individuals initially but thereafter all moves towards stability.
Also it can be observed that liquor habit does not affect AIDS spread.

In Figure 5, dynamics of HBV amongst various classes is shown and it indicates that number of
alcoholic HBV carrier male individuals increases faster than number of non-alcoholic HBV carrier
male individuals and number of alcoholic HBV carrier female individuals. Also it can be clearly
observed that liquor habit affect HBV spread.

Figure 6 indicates that HIV-HBV coinfected individuals move faster towards recover class than
only HBV infected individuals initially from HBV infection.
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Figure 5: Dynamics of HBV amongst various population.

40
—_R,

- = Reas
=
1=
T 20 1
=3
o,
]
[=9

10 1

0
0 2 4 6 8 10

Time (1 unit = 8 years)

Figure 6: Dynamics of HBV - recovered individuals.

From Figure 7, it can be observed that the susceptible increases initially and then moves toward
stability while vaccinated individuals increase as higher vaccination policy is applied to control
disease spread.
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Population

Time (1 unit = 8 years)

Figure 7: Dynamics of susceptible and vaccinated classes.

5 Conclusion

In this paper, HIV-HBV co-infection is discussed. From the next generation matrix the basic
reproduction number for the HIV model, HBV model and HIV-HBV co-infected model are com-
puted. Stability at the equilibrium states for model parameters is carried out and numerical sim-
ulation is also worked out. The effects of alcoholic habits, new birth without vaccination and with
vaccination on endemic behaviour of the model are investigated. The more vaccination amongst
new birth is suggested to keep disease spread in control. The awareness campaigns about sexual,
non-sexual transmission of HIV and risk of alcoholic habits should be organised.
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