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Abstract

This study investigates a class of mathematical operators known as the Bessel-Riesz operators,
defined in Euclidean space R", given by,

Tuof(z) = /n K,.(z —w|) f(w)dv(w), forze R". (1)

Here, K, . is called the Bessel-Riesz kernel. It can be expressed as a multiple of the Bessel
kernel J,, and the Riesz kernel K. These operators originated from the Schrédinger equation,
which describes particle behavior in quantum mechanics. The primary goal of this research
is to explore the behavior of these operators when applied to Lebesgue spaces with different
measures, focusing on their boundedness and the conditions under which these operators act
predictably. The research aims to establish foundational results for how these operators behave

in spaces such as R™ with the Lebesgue measure, as well as in spaces with other measure types
like dp(w).

Keywords: Bessel-Riesz operators; doubling measure; Young inequality; Lebesgue measure;
Companato spaces.


https://mjms.upm.edu.my
https://orcid.org/0000-0002-7928-133X
https://orcid.org/0000-0002-4436-1815
https://orcid.org/0000-0002-0418-6629
https://orcid.org/0000-0003-3824-7896

S. Mehmood et al. Malaysian J. Math. Sci. 19(2): 537-552(2025) 537 - 552

1 Introduction

Bessel-Riesz operators first emerged from the Schrodinger equation, a linear partial differential
equation that models the quantum-mechanical wave function of particles. This equation provides
a quantum description of motion similar to how Newton’s second law describes motion at the clas-
sical scale. In particular, integrals related to the Schrodinger equation were explored by [10], who
investigated their boundedness properties, particularly in the context of Morrey spaces. These
operators are used to model the behavior of quantum systems and can be applied to understand
functions within Lebesgue spaces.

Kurata et al. [10] also studied how these operators estimate the Schrédinger operator in Mor-
rey spaces, providing insights into their relationship with quantum phenomena that adhere to
Newton’s law. Companato spaces, which combine smoothness and integrability properties, pro-
vide anatural framework to study these operators. Functions in Companato spaces exhibit varying
degrees of regularity at different scales, making them suitable for analyzing the boundedness and
properties of singular integral operators like the Bessel-Riesz operators.

This work builds upon previous research by considering Bessel-Riesz operators, Riesz poten-
tials, and fractional integrals in the context of Companato spaces. These studies aim to provide a
deeper understanding of the operators” behavior and their interplay with mixed regularity func-
tion spaces, which is crucial for solving partial differential equations.

In summary, this research explores the behavior of Bessel-Riesz operators in different mathe-
matical settings, providing essential results that contribute to the understanding of these operators
in both classical and quantum contexts.

2 Related Works

The study of Riesz potentials and Bessel-Riesz operators has a long history, dating back to the
1920s. Hardy and Littlewood’s seminal works in [7, 6] examined the boundedness of fractional
integrals in Lebesgue spaces. In the 1950s, Sobolev [15] proved that Riesz potentials are bounded
in certain function spaces. In the following decades, researchers like [13, 9] explored the bound-
edness of fractional integrals on non-doubling measure spaces. Their findings were extended
to more general metric spaces by [4], who addressed the boundedness of fractional integrals on
spaces with non-doubling measures.

More recently, [14] studied the behavior of fractional integrals in Morrey spaces, and [2] ex-
tended these results to quasi-metric spaces. The work of [10] also contributed significantly by
demonstrating the boundedness of Bessel-Riesz operators on Lebesgue spaces, emphasizing the
role of the kernel norm in characterizing operator boundedness. The results by [3] further stud-
ied the relationship between fractional integrals and weighted norms in Lebesgue spaces, offering
important insights into the behavior of these operators. This research continues these lines of
investigation by considering Bessel-Riesz operators in the context of Companato spaces, with a
particular focus on establishing boundedness results for these operators in Lebesgue spaces and
spaces with various measures.

538



S. Mehmood et al. Malaysian ]. Math. Sci. 19(2): 537-552(2025) 537 - 552
2.1 Bessel-Riesz operators in Lebesgue spaces with measure dv(w)

This study examines Bessel-Riesz kernels on Lebesgue spaces with different measures. These
operators, related to Riesz potentials, have been extensively analyzed in spaces like Morrey spaces
[14, 1]. Kurata et al. [10] demonstrated their boundedness in Lebesgue spaces, a key result in
harmonic analysis.

Applying Young's inequality [16], we extend these ideas to function spaces like Campanato
spaces and explore operator regularity. This study examines two types of Bessel-Riesz kernels:
the classical Bessel-Riesz kernel on Lebesgue spaces with Lebesgue measure and the kernel on
Lebesgue spaces with measure dv(w). These operators are closely related to Riesz potentials and
fractional integrals, which have been extensively studied in spaces like Morrey and Euclidean
spaces.

The work of [14, 1] and others has deepened our understanding of these operators’ behavior in
various settings, including non-doubling measure spaces and metric spaces. In particular, Kurata
et al. [10] demonstrated the boundedness of Bessel-Riesz operators on Lebesgue spaces, a key
result in understanding their role in harmonic analysis.

The application of Young’s inequality [16] and other results from harmonic analysis provides
a powerful framework to study the boundedness of these operators. This research extends these
ideas to more general function spaces, including Companato spaces, and explores the interplay
between these operators and the regularity properties of the functions they act upon.

3 Materials and Methods

This section describes the methodology used to obtain the results presented in this paper. The
research explores the boundedness of Bessel-Riesz operators in Lebesgue spaces, with a focus
on understanding the conditions under which these operators act predictably. The study also
considers different measures, including the Lebesgue measure and measures dv(w), to establish
general results that hold in a variety of settings.

The key mathematical tools used in the analysis include the norm of the Bessel-Riesz kernels,
the application of Young’s inequality, and the theory of fractional integrals. These tools are em-
ployed to demonstrate the boundedness of the operators in various spaces, with particular atten-
tion to the regularity properties of the spaces under consideration.

3.1 Young's inequality

We use functional analysis and measure theory approaches to prove Young’s inequality (Theo-
rem 4.1). The proof involves manipulating integral expressions and applying Holder’s inequality.
Additionally, we utilize the properties of Lebesgue spaces as well as convolutions in Euclidean
spaces.
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3.2 Proof of Theorem 4.2

The proof of Theorem 4.2 requires establishing the link between the Bessel-Riesz kernel and
its L® norm. We use approaches such as dividing the integral into dyadic intervals, estimating the
integral over each interval, and leveraging the kernel’s asymptotic behavior for large and small
values of |z — w|.

3.3 Proof of Lemma 4.1

To verify Lemma 4.1, we define the circumstances under which the Bessel-Riesz kernel belongs
to L'(v). The proof consists of partitioning the integral into sections where |z| < R and |z| > R,
estimating each integral independently, and utilizing the features of the doubling measure v.

3.4 Proof of Theorem 4.3

To prove Theorem 4.3, we must first demonstrate the link between the Bessel-Riesz kernel and
its L?(v) norm for 1 < p < co. We apply methods similar to those employed in the proof of Lemma
4.1, but generalize the result to L?(v) spaces for 1 < p < co.

3.5 Proof of Theorem 5.1

To prove Theorem 5.1, we show the boundedness of the Bessel-Riesz operator 7, g on L”(v)
spaces for 1 < p < oo. The proof uses Minkowski’s inequality and Lebesgue space features to
estimate the norm of T, g f.

3.6 Proof for Corollary 5.1

Corollary 5.1 is derived from Theorem 5.1 by specializing in the case 7 = 1. We modify the
proof of Theorem 5.1 by exploiting the features of L'(v) spaces. The proofs include techniques
from functional analysis, measure theory, and classical inequalities like Holder’s and Minkowski’s.

4 Results

We define L? := L”(R") as for any function f that is quantifiable, such that 1 < p < oco:

1/p
ey = ([ 1rGIPaz) <o,
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4.1 Bessel-Riesz on Lebesgue spaces with Lebesgue measure
41.1 Young's inequality on Lebesgue spaces

Young’s inequality can determine if Bessel-Riesz operators on Lebesgue spaces are bounded.

Theorem 4.1. (Young’s inequality)
Let 1 < p,o,7 < oo satisfy,

1 1 1

—+1l==4=.

T p o
Then, for all f € LP(R™) and g € L°(R™), we have,

1f*g: LT(RM) < llg = L7(R™)[IIF = LP(R™)]].

4.1.2 The kernel

Suppose 0 < ¢ < nand 0 < v. We define K : Ry — R, by the following:

thn
thy(t) = m7 te |R+

For 1 < p < 0o, we define K, , € L”(R") if and only if,
1/p
1K,y - LR = ( / Kyl — w|>|ﬂdz) < o0,

To calculate the range of p such that ||[K,, : L°(R")|| < oo, we need to find the values of p for
which the inequality,

holds, given 0 < g <nand 0 < v.

From the previous analysis, we know:
l.v<pu(asv—pu<0),

2. p<o,

3. n>0.

We also know that for the inequality 1 < —r < p < &
n+v n—

> to hold, we need to satisfy:

n n
<
n+v-—u n— [

i

which simplifies to:

n—pu<n+v—p or v>0.
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This condition is always satisfied given that 0 < v.

Now, let’s consider the upper bound:

n
< p,

n+v-—u
which simplifies to:

n<p(n+v-—p),

or equivalently,

n
pln—p)<n = p< .
n—p
Thus, to ensure || K, , : L?(R™)|| < oo, we need:
1. v>0,
2. p<O,
n
3. > p.
n—p
The final range of p satisfying these conditions is:
1< L <p<
n+v-—u n— [

Thus, the calculation for p depends on the values of n, i1, and v.

It is clear from the above definition that,

n
K,,:L°(R")| < & 1< —<p<
[ LR < o el S

Additionally, we have the following result:
Theorem 4.2. Suppose we have K,,,, € LP(R™). Then, for every r > 0,

(ri)(u*n)fﬂrn

1K LPR)P ~ D

kez

1< —— <p<
(2kryve Tntv—p P n—u

Proof. On the other hand, we also have,

(ri)(u—n)p/
K, (lz —w|)fdw = CENGYANYT d
/[Rn wrllz = wl) dw ,;Z(l+(2k7’))”p P

(2kr)(,u—n)p+n
<CLY T
2 (T (2R

~ [ K (|2 = w]) = LP(R)]]7
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Finally, we shall have for every z € R”,
T F ()] < CLIf = LR IPPIE (|- 1) - LOR™)|P2
1/r
([ Kuntte—wi @i
< Cllf = LPROITPIE (] - [) 2 LR/
< [ Kz = wl?lfw)Pdu

< Cul|Kpu (|2 = w]) « LPRM|PHPT/2.| £ LR | +em/0/7
< Cif[ Ky (|2 = wf) - LARM[IS = LP(R™)]]-

O

To estimate the norm of the operator T}, , f in the context provided, we have derived a series
of inequalities using Holder’s inequality. Now, let’s include the estimation of the norm of 7}, ,, f in
the derived results.

First, we recall the definition of the norm of an operator:

T,
HTu,ufH = sup M7
if20  ILfl,

where || f||, is the norm of f in the L” space and |7}, . f||, is the norm of 7}, ,, f in the L” space.

From the derived inequalities, we have:
T f(2)] < C1l[Kpu(lz —w]) « LP(R™)|I[[f = LP(R™)]].
So, we can write:
[T fllp < Crl|Kpw(lz —wl) : L2(R™)|I[|f = LP(R™)]]-
Then, we need to estimate || K, ,(|]z — w|) : L?(R™)||. From the previous derivation, we have:

/ Kyo(|z = wl)Pdw < C1|| K (|2 = wl) : L2 (R™)]°.

Hence, we can express:

1/p
[ K (]2 —wl) : L2(R")[| < Cy < Kuw(lz - wl)pdw) -

R™

Substituting this into our inequality for |7}, , f(z)|, we get:

1/p
[T fllp < C1Ch (/ Kuu(lz — 'wl)pdw) If: LP(R™)]].
IRTL

Finally, by the definition of the norm of an operator, we have:

1/p
1T ]l < C1C ( / Ku,y(lz—w|)pdw> |
IR’”,

Thus, the norm of the operator T}, , f can be estimated by the expression involving K, , and its L”
norm.
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4.2 Bessel-Riesz on Lebesgue spaces with measure dv(w)

The Bessel-Riesz operator is a generalization of Jones’s book [8], and it specifically illustrates
Young’s inequality on weighted function spaces for convolutions. In this section, we will discuss
the impact of the Bessel-Riesz kernel on arbitrary doubling measures.

421 The kernel

Lets evaluate Bessel-Riesz on R" using weighted measure, v(B(a,r)) ~ r" is defined as,
Tawf(2) = [ Kuwllz =w)fw)dv(w), = €R", (2)

K, is referred to as the Bessel-Riesz kernel. In this case, K, ,(| - |) can be seen as a multiple of
J, and K, which are referred to as the Bessel kernel and the Riesz kernel, respectively. When
W is a scalar operator, Kurata et al. [10] have demonstrated that W. T}, ,, is bounded on general-
ized Morrey spaces. Next, we will discuss how T, ,, is bounded on Lebesgue spaces and observe
how K, , affects the boundedness of T}, ,. For applications of the operators above in a situation
involving Euclidean spaces [10].

4.2.2 Bessel-Riesz kernel belongs to some Lebesgue spaces

We shall now demonstrate that the Bessel-Riesz kernel belongs to some Lebesgue spaces. If
v(B(a,r)) ~ r", then we start with the following:
Lemma4.1. If K, , : (0,00) — (0, 00) with,

|wl*"

Ku,v(|w\) = W,

O<v<p, v>0,

and v(B(a,r)) ~ 1", then ||K,,,, : L'(v)|| < co.

Proof. For every R > 0, we have,

Kyp(lw])dv(w) = Ky (lw])dv(w) + Ky (|w])dv(w). (3)
[w|<R 3

lw|=R

By simplifying,

/w|<RK#?D(|w|)dV(w) Z, /2‘r<|w|<2k+1 mv (|w‘)d1/(w)

< [w[*™ " dv (w)
k_zoon/2kr<|w|<2k+1r
—1
~ > (@b / dv(w)
ke —oo ‘w|<2k+1,"
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-1
c 3 (@

k=—o0

IN

—1
C Z (2kr)t ~ CrH < 0.

k=—o00

IN

On the other hand,

[ Kuslwhdvte Z vl o))
|z—w|>R 2’“r<\w|<2k+1r

e ="V dv(w)

k=0 2k7<|w|<2k+1,,.

i

k=0
~ CR!TY < o0,
Equation (3) implies,
J/ Ky p(lwhdv(w) = C(rk 4 rH77). (4)

For every R > 0, especially, for R = 1, we have,
| K, L'(v)|| = / K, (Ju)dv(w) <oco =KE¢€ L'(v).
[R’V'L
For 1 < p < oo, we define K, , € L?(v), if and only if,
1/p
K 20 = ([ EllubPare) < .

It is clear from the definition above that,

1Ky L) <00 ©1<— < p<

“ndv—u n—pu
O
Additionally, we have the following:
Theorem 4.3. Iffor 1 < p < oo, we define K,,,, € L°(v), then for every r > 0and v < p,
(2Fp)(n=n)ptn n n
K,,:LPW|P~S 22— <7 . 5
|| M (V)” Z (2kr)l’f7 _7’7,+I/—’u <p<n—‘u ( )

keZ
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Proof. For every r > 0,

IR CIEOR RIS

M(wn)p

\
_ B A
%/-m sj<artiy (L4 |2])7P
(u n)

2k
(2" k / dv(z)
= (1+ 2 2hr<|z|<2k+1r
( (u n)p+n

~ 2 (i o
Ze: 1+2’<

5 Boundedness of 7, , by Using Minkowski’s Inequality

Given Minkowski’s discrepancy (see [5], p. 271):
Theorem 5.1. There exists a positive constant C such that for all f € L*(v), K., € LP(v), and v < p:

T, f: LPW < CIK, (-] : LPW - If : Lt <" .
[Ty f : LPW)|| < CIKuu(| - 1) WI-1If = L), 1_n+yiu<p<nﬂl

Proof. Tt is easy to see that,

T f : LP)] = (/[R T 7Uf(2)|pdy(z)>1/p

(L] Bustle = wblsyavto)
= [ (st —wisopan) v
= [ ([ 1tz = wiravts))” atavter

p 1/p
du(z)) (by using Fubini’s theorem)

< COIEuu (- 1) - LIS = L)
O
We will also use Young's inequality [8] in one of our results.
1 1 1
Theorem 5.2. Consider the following — = —+—-—1,1 < < p < . If for some Cy > 0,
o p T n—+v-—u n—u

v(B(a,r)) < CiR", f € LP(v),and K,,,, € L7 (v), then there exist Cy > 0 such that,
[T f : L7 W) < Col[ Ko (] - 1) : LTS = LP@)])-

Proof. Here, we consider the following,
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By Holder inequality, then for every « € R™, we will have,

T f ) S [ @Kl = )77 £ @)K (2 = wl) /7 d()

< ([ Kuolle = wly (@)t ) ([ e ))w
([ Rullz = w0 )W

< ([ Kulls = bl pavto ) ([ it >)W
<[ Rtz bt >)

On the other hand, we also have,

2]6,,. (p—n)T
o == 800 = 32 7 Ly

keZ

Since v(B(a,r)) < C1R™, then,

/W Kuw(|z = w|) dv(w) < C1 Y

keZ

(2k7,) (p—n)T+n

@y~ MKerllz =l 70"

Finally, for every x € R", we will have,

1/o
T F < Gl = PO N L7 ([ Klle = ol lfPdvw)) o
T FI7 < S = LPOIP (] 1) - L7 ()77 / K|z = w7 | (w)]du(w).

The right side of our inequality will change if we merge both sides and consider Minkowski’s
inequality,

L (L Btz = wrispan) Y az = [ ([ Kuulls = iz 1fw)leavio
s LW 2Pl

Therefore, our final inequality is,

1T f : L7 @)II7 < Call Ky (|- ) s LTW)ITF7/2 f 2 L) |PH70/7, or
[T f o L) < [CoBpuw ([ - 1) = LW+ L2 (W)

Similarly, we have,

1 1 1
Corollary 5.1. Suppose we huve - == + -—-11< % <p< " Letr = 1, so that
n—

p 0 I
o=p (Speczal case of Young’s znequulzty) Iffor some C; > 0, v(B(a,7)) < CiR", f € LP(v), and
K, , € L*(v), then there exist C5 > 0 such that,

1T flle @y < Col| Ky

Dyl fllew)
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51 Results in Campanato spaces
5.1.1 Characteristics of Campanato spaces

Campanato spaces, denoted as L”*({2), are instrumental in analyzing functions with con-
trolled oscillations. For 1 < p < coand 0 < p < n, the space L”?({2) comprises functions f
satisfying the finite norm:

1
[f]p = sup — |f(w) - fr.z Ipdw7
PP gr<diam(Q), 2062 77 J B, (20)n02 0

1
where f, ., = 7\37«(20) 70 fBT(Zo)ﬁQ f(w)dw.

The Bessel-Riesz operator, denoted by 7}, ,, can also be defined on the Campanato spaces.
Campanato spaces are function spaces that generalize the classical Lebesgue spaces and Sobolev
spaces. Let {2 be an open subset of R” and v be a positive Borel measure on ). The Campanato
space C; (£, v) consists of all measurable functions f on {2 such that the norm,

z) — f(w)|? /P v
s o= ( f, ([ 2L i)™ i) ©

is finite, where s > 0,0 < p < 00, and 0 < 7 < co. The parameter s controls the smoothness of the
functions in the Campanato space.

To define the Bessel-Riesz operator on Campanato spaces, we consider the Bessel-Riesz kernel
K, , as before. If K, , satisfies certain conditions and the measure v is doubling, then K, ,, be-
longs to the Campanato space C; ,(R",v). The boundedness of the Bessel-Riesz operator 7}, , on
Campanato spaces can be established under appropriate conditions. For example, if K, ,, belongs
to C5 (R",v), then T, , is a bounded operator from C; _(R",v) to itself. The precise conditions
for the boundedness of T}, , on Campanato spaces depend on the specific properties of the Bessel-
Riesz kernel and the measure v. These conditions may involve the parameters y, v, s, p, and 7, and
they are typically established through techniques such as Calderén-Zygmund theory or harmonic
analysis.

Here is a sketch of the derivation of the boundedness of the Bessel-Riesz operator 7}, , on

the Campanato space C; . (R",v) under the conditions mentioned Let f € C} ,(R",v). Then by
Minkowski’s integral inequality,

[T f

o = | [ Kl = wrpCian(u)

cs.,
< [ Mz = Ol dvto).

Since K., € C;, .(R",v), the convolution kernel K, ,(z — -) defines a bounded linear operator on
C; +(R",v). Applying this and Minkowski’s inequality again yields,

1T fllc;, < C / 1£O)llos dv(w) = Cllf oz, v(R™) < oo,

where C'depends on the C;; - normof K, ,,. Thisshows 7}, , isbounded on C; _(R", v) as required.
The details involve precise estimation of the Campanato seminormes.
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Here is a derivation of another boundedness result for the Bessel-Riesz operator T}, , on Cam-
panato spaces:
’
Theorem 5.3. If K,,, € C; (R",v) for some s' > s, then T, ,, extends to a bounded operator from

Cy (R, v) to LT(R™,v).

Proof. Let f € C; (R",v). By the definition of the Campanato space norm, for any z € R", we
have,

T () < [ e = wll )] dv(e) )
= (B (z =) % [f]) (2)- (8)
Applying the convolution inequality and the embedding C}; . < C; 7 for e > 0, we get,
T FE)] < MKz = Mg Fll s

< CHf”C;,T’

where C depends on K, , but is independent of f. Hence, 7, ,f € L7(R",v) with the desired
bound. This argument leverages the additional smoothness of K, ,, to control the operator norm
to L". O

5.1.2 Additional boundedness results for the Bessel-Riesz operator on Campanato spaces

1. Boundedness on Campanato spaces:

Suppose,
K,..,eC; (R"v),
where () is an open subset of R” and v is a doubling measure on Q. If,

n
s>—, 0<p, 7<o0,
P

then the Bessel-Riesz operator,
Ty,
is a bounded operator from,
Cor(Qv),
to itself.

2. Boundedness on weighted Campanato spaces:

Consider the Campanato space,
Cpr(Qw),
where ( is an open subset of R”, w(x) is a weight function, and,

0<p, 7<o0.
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The Bessel-Riesz operator,

T,

oV

is a bounded operator from the weighted Campanato space,
) (R, w),
to itself if w(x) meets certain growth conditions and,

Ky, € C5.(R",w).

3. Boundedness on Triebel-Lizorkin spaces:

Triebel-Lizorkin spaces generalize the Lebesgue spaces. If,
Ky € F - (R"),
where,

n
0<p,7<o00 and s> —,
p

then the Bessel-Riesz operator,

Vs

is a bounded operator from,

£y (),

psT

to itself.

These boundedness results highlight the compatibility of the Bessel-Riesz operator with various
function spaces incorporating smoothness and decay properties. This allows for the study of con-
volutions with the Bessel-Riesz kernel in areas like signal processing, harmonic analysis, and par-
tial differential equations.

6 Conclusions

Summarizing the key results on Bessel-Riesz operators and relating them to classical Lebesgue
space theory, This work builds upon the foundations of classical potential theory and integral op-
erator analysis on Lebesgue spaces. Jones” monograph established fundamental L” boundedness
results for Bessel-Riesz potentials using techniques like convolution inequalities. Theorems 5.2
and 5.1 took these results from classical L” potential theory and applied them to arbitrary dou-
bling measures, which is a more general setting. This level of abstraction accommodates a wider
class of underlying spaces beyond the original Lebesgue space context. Theorem 5.1 and Corollary
4.3 showed the link to the classical L' result. This shows that the new theory naturally explains
previous results. The research has also encompassed various measures, as documented in [11, 12].

Furthermore, the study has expanded its focus by investigating the boundedness of Bessel-

Riesz operators on generalized function spaces like Campanato was then systematically investi-
gated. The Campanato space theory reduces to the original L theory framework when specialized
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to Lebesgue spaces. Overall, this work advanced the mathematical understanding of Bessel-Riesz
potentials by rigorously establishing their mapping properties on a spectrum of function spaces,
moving from classical Lebesgue to more abstract contexts. General theorems were proven, and
examples illuminated the relationship to the prior theory. Areas of future work include realizing
applications suggested by these generalized boundedness results and conducting deeper investi-
gations into particular measures and special cases. Continued progress in this area will yield new
insights into integral operators and their role across analysis.
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