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Abstract

Fractional integral inequality is very important in the scientific and engineeringdisciplineswhich
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turbed Newton-type inequalities for the s-φ-convex and φ-quasi-convex functions. Based on
this identity, we established several new error bounds and estimations which are appraised by
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the refinement of Simpson’s second formula, which is not developed by any researcher yet. We
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1 Introduction

Fractional calculus, also known as the calculus of variations, is indeed a fascinating and impor-
tant area of mathematics and science. Fractional calculus has gained significant recognition and
practical applications in awide range of scientific disciplines. The theory of inequalities has played
a crucial role in the extension and development of mathematics. Mathematical inequalities have
permeated numerous areas of science and technology, demonstrating their broad applicability and
importance. Mathematical inequalities are also used in the fields of signal process, data science,
coding theory, economics, and bioengineering [16]. Indeed, Hermite-Hadamard inequality [13],
corrected Euler-Maclaurin type inequalities [19], Newton’s inequality [9], Simpson’s inequality
[6] and Jensen-Mercer inequality [17] are well-known and widely used in various branches of
mathematics [26].

Here, we choose the Newton’s inequality type inequality for convex functions. We know that
there was a deep and intimate connection was discovered between inequalities and the theory
of convex functions. Convex functions play a prominent and foundation role in both theoretical
and applied studies across various fields of mathematics and its applications. Convexity, with its
mathematical elegance and practical utility, permeates numerous aspects of our daily lives, con-
tributing to advancements in medicine, art, and various industries. Due to their importance in
inequality theory, convex functions are studied in many academic fields. The well-known defini-
tion of a convex function is as follows:

Ω (∆Λ + (1−∆)Ψ) ≤ ∆Ω(Λ) + (1−∆)Ω (Ψ) ,

where Ω : I → R is a convex on I for all Λ,Ψ ∈ I and ∆ ∈ [0, 1] .

Many types of integral inequalities exist in the literature. A well-known, one of these is the
Simpson type inequality. Simpson’s integral inequality is an important result in numerical anal-
ysis. In numerical analysis, error bounds and inequalities associated with various numerical in-
tegration methods, including Simpson’s Rule, are crucial. In all of this years, Thomas Simpson
established fundamental methods for numerical integration and estimate of definite integrals that
are now known as Simpson’s law (1710–1761). But Kepler utilized an identical approximation
over a century before, which is because it is often referred to as Kepler’s law. Estimates based just
on a three-step quadratic kernel are often referred to as Newton-type results as Simpson’s method
utilizes the three-point Newton-Cotes quadrature rule. The following inequality [6] (which is
known as Simpson’s inequality) has been studied for (s,m)-convex functions [7], for twice differ-
entiable functions [11] and for (α,m)-convex functions via quantum calculus [29]).
Theorem 1.1. Let Ω : [Λ,Ψ] → R be a four times continuously differentiable mapping on (Λ,Ψ) and∥∥Ω(4)

∥∥
∞ = supx∈(Λ,Ψ)

∣∣Ω(4)
∣∣ < ∞, then the following inequality holds,∣∣∣∣∣

[
Ω (Λ) + Ω (Ψ)

6
+

2

3
Ω

(
Λ +Ψ

2

)]
− 1

Ψ− Λ

∫ Ψ

Λ

Ω (x) dx

∣∣∣∣∣ ≤ 1

2880

∥∥∥Ω(4)
∥∥∥
∞

(Ψ− Λ)
4
.

Simpson’s type inequality is one of many that are connected with specific quadrature laws is
given as follows:

• Simpson quadrature formula (Simpson’s 1/3):∣∣∣∣∣Ω (Λ)

6
+

4

6
Ω

(
Λ +Ψ

2

)
+

Ω(Ψ)

6
− 1

Ψ− Λ

∫ Ψ

Λ

Ω (u) du

∣∣∣∣∣ ≤ (Ψ− Λ)
4

2880

∥∥∥Ω(4)
∥∥∥
∞

. (1)
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• Simpson second formula or Newton-Cotes quadrature formula (Simpson’s 3/8):∣∣∣∣Ω(Λ)

8
+

3

8
Ω

(
2Λ + Ψ

2

)
+

3

8
Ω

(
Λ + 2Ψ

2

)
+

Ω(Ψ)

8
− 1

Ψ− Λ

∫ Ψ

Λ

Ω(u) du

∣∣∣∣ ≤ (Ψ− Λ)4

6480

∥∥∥Ω(4)
∥∥∥
∞

.

(2)

Fractional analysis has became a popular and influential topic in mathematics due to its abil-
ity to address the limitations of traditional calculus and provide a more accurate and versatile
framework for modeling and understanding complex phenomena. Numerous authors have used
different fractional operators and generalizations of convexity to obtain new error bounds. The
development and exploration of new mathematical operators, particularly in the context of frac-
tional calculus, indeed reflect a continuous quest for more effective tools to address real-world
problems. In [18], authors used fractional operator for s-convex Function and while in [23], they
used a specific operator (k-fractional operator) for (h,m)-convex functions.

The use of fractional operators has indeed been instrumental in conducting numerous studies
to explain various physical phenomena and demonstrate wide usage area in mathematical model
in biological science, and inequality theory. In fractional calculus, several different types of opera-
tors are commonly used such as: the Caputo-Fabrizio fractional derivative [20] and the Riemann-
Liouville and Caputo derivatives [27]. Sanli et al. [25] establish the Simpson type inequality
using the conformable fractional operator. Butt et al. introduces the refinements of Chebyshev–
Pólya–Szegö-type inequalities with the help of generalized fractional integral operators in [1].
Meanwhile, Soontharanon et al. [29] presents the Simpson and Newton’s type inequalities via
(α, m) convex function for quantum calculus. Chen et al. [5] produces new error bounds for
Simpson type inequalities for s-convex function. Dragomir et al. [6] obtain the Simpson-type in-
equalities for differentiable mapping of bounded variation and give some application to special
means.

Other than that, Park et al. [22] establish the Simpson-type inequality for differentiable func-
tions whose absolute values are pre-invex. Hezenci et al. [31] prove the Simpson-type inequalities
for twice differentiable functions whose absolute values are convex. The Simpson-type inequality
is also calledNewton-type or (Simpson second formula) if it consists of four points. InMeftah et al.
[14], they prove the Newton-type inequalities for differentiable functions whose absolute values
are s-convex. Chasreechai et al. [4] derive the Newton-type inequalities using the multiplicative
functions. Besides, Butt et al. [2] developed novel Newton type inequalities for majorization. In
Saleh et al. [24], they give Newton type inequalities for fractional bi-parameterizes. In addition,
Iftikhar et al. [12] provided details about Newton-type inequalities and Siricharuanun et al. [28]
provided materials about new Simpson’s and Newton’s formulas type inequalities.

2 Preliminaries

Definition 2.1. [30] Suppose 0 < s ≤ 1. A function Ω : I ⊂ R is said to be s-φ-convex if the inequality
holds:

Ω (∆Λ + (1−∆)Ψ) ≤ Ω(Ψ) +∆sφ (Ω (Λ) ,Ω(Ψ)) ,

where Λ,Ψ ∈ I and ∆ ∈ [0, 1] .

Definition 2.2. [10] Let Ω : I ⊂ R is said to be φ-quasi-convex if the inequality holds:

Ω (∆Λ + (1−∆)Ψ) ≤ max [Ω (Ψ) ,Ω (Ψ) + φ (Ω (Λ) ,Ω (Ψ))] ,
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where Λ,Ψ ∈ I and ∆ ∈ [0, 1] .

Remark 2.1. If we put φ (Λ,Ψ) = Λ − Ψ and s = 1 in above definition are reduced to the definition of
convex and quasi-convex, respectively.

Iftikhar et al. in [21] establish the Simpson’s 3/8 for p-harmonic convex function via a differ-
entiable function as follows:
Theorem 2.1. Let Ω : [Λ,Ψ] → R be a differentiable mapping on Io where Λ,Ψ ∈ Io with Λ < Ψ. If
Ω′ ∈ L1 [Λ,Ψ], then the following inequality holds:∣∣∣∣∣Ω (Λ)

8
+

3

8
Ω

(
2Λ + Ψ

2

)
+

3

8
Ω

(
Λ + 2Ψ

2

)
+

Ω(Ψ)

8
− 1

Ψ− Λ

∫ Ψ

Λ

Ω (u) du

∣∣∣∣∣
≤ (Ψ− Λ)

[
17

756

(
973 |Ω′ (Λ)|q + 251 |Ω′ (Ψ)|q

1224

) 1
q

+
1

36

(
|Ω′ (Λ)|q + |Ω′ (Ψ)|q

2

) 1
q

+
17

756

(
251 |Ω′ (Λ)|q + 973 |Ω′ (Ψ)|q

1224

) 1
q

]
.

Erden et al. [8] obtained the error bounds of Simpson’s second formula for differentiable func-
tion.
Theorem 2.2. LetΩ : [Λ,Ψ] → R be a differentiable mapping whose derivative is continuously on (Λ,Ψ) .
Then, for all x ∈ [Λ,Ψ], the following inequality holds:∣∣∣∣∣Ω (Λ)

8
+

3

8
Ω

(
2Λ + Ψ

2

)
+

3

8
Ω

(
Λ + 2Ψ

2

)
+

Ω(Ψ)

8
− 1

Ψ− Λ

∫ Ψ

Λ

Ω (u) du

∣∣∣∣∣ ≤ 25 (Ψ− Λ)

288
∥Ω∥∞ .

Let’s give some basic definitions in the literature without giving the definitions of fractional
integral.
Definition 2.3. The Euler Gamma function and Euler Beta function are defined:

Γ (x) :=

∞∫
0

∆x−1e−∆d∆,

Ψ(x, y) :=

1∫
0

∆x−1 (1−∆)
y−1

d∆.

Here, 0 < x, y < ∞.

We shall need the following integral representations [15]:

2Ω1 (α, β; γ;−z) =
Γ (γ)

Γ (γ − α) Γ (α)

∫ 1

0

∆α−1 (1−∆)
γ−α−1

(1 + z)
β

d∆,

where Re (γ) > Re (α), |arg (1 + z)| < Ω.
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Definition 2.4. [3] Let H ′ (Λ,Ψ) be the Sobolev space of order one defined as,

H1 (Λ,Ψ) =
{
Ω ∈ L2 (Λ,Ψ) : Ω′ ∈ L2 (Λ,Ψ)

}
,

where

L2 (Λ,Ψ) =

Ω (z) :

(∫ Ψ

Λ

Ω2 (z) dz

) 1
2

< ∞

 .

Let Ω ∈ H ′ (Λ,Ψ), Λ < Ψ and α ∈ [0, 1], the nth notion of left derivative in the sense of Caputo-Fabrizio
is defined as:

(
CFD
Λ DαΩ

)
(x) =

β (α)

1− α

∫ x

Λ

Ω′ (∆) e
−α(x−∆)α

1−α d∆,

x > α and the associated integral operator is,

(
CF
Λ IαΩ

)
(x) =

1− α

β (α)
Ω (x) +

α

β (α)

∫ x

Λ

Ω (∆) d∆,

where β (α) > 0 is the normalization function satisfying β(0) = β(1) = 1. For α = 0, α = 1, the left
derivative is defined as follows, respectively,(

CFD
Λ D0Ω

)
(x) = Ω′ (x) ,(

CFD
Λ D1Ω

)
(x) = Ω (x)− Ω(Λ) .

For the right derivative operator,

(
CFD
Ψ DαΩ

)
(x) =

β (α)

1− α

∫ Ψ

x

Ω′ (∆) e
−α(∆−x)α

1−α d∆,

x < Ψ and the associated integral operator is,

(
CF IαΨΩ

)
(x) =

1− α

β (α)
Ω (x) +

α

β (α)

∫ Ψ

x

Ω (∆) d∆.

Motivated by the ongoing research, the main goal of this article is to establish a new identity
for the Caputo-Fabrizio fractional integral operator with absolute value of the second derivative
having s-φ-convex function. By using the novel identity, we obtain the several new bounds of
perturbed Newton-type inequalities and to develop many new fractional perturbed Newton-type
inequalities for the s-φ-convex, and φ-quasi-convex functions. We claim that, we introduce the
refinement of Simpson second formula which was not developed yet. We also include the appli-
cation to some special means.

3 Perturbed Newton-type Inequalities for Twice Differentiable Function

New perturbed Newton-type Lemma for a Caputo-Fabrizio fractional operator is introduced
in this section.
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Lemma 3.1. Let Ω : Io ⊂→ R be a twice differentiable mapping on Io where Λ,Ψ ∈ Io with Λ < Ψ. If
Ω′′ ∈ L1 [Λ,Ψ], then the following fractional equality holds:

1

8

[
(Ψ− Λ)

(
Ω′
(
Λ + 2Ψ

3

)
− Ω′

(
2Λ + Ψ

3

))
+Ω(Λ) + 3Ω

(
2Λ + Ψ

3

)
+ 3Ω

(
Λ + 2Ψ

3

)
+Ω(Ψ)

]
− β (α)

α (Ψ− Λ)

[(
CF
Λ IαΩ

)
(k) +

(
CF IαΨΩ

)
(k)
]
+

2 (1− α)

α (Ψ− Λ)
Ω (k)

= (Ψ− Λ)
2
∫ 1

0

M (∆)Ω′′ ((1−∆)Λ +∆Ψ) d∆,

where

M (∆) =



∆

2

(
1

4
−∆

)
, ∆ ∈

[
0,

1

3

)
,

∆

2
(1−∆) , ∆ ∈

[
1

3
,
2

3

)
,

(1−∆)

(
∆

2
− 3

8

)
, ∆ ∈

[
1

2
, 1

]
.

Proof. Let,

(Ψ− Λ)
2
∫ 1

0

M (∆)Ω′′ ((1−∆)Λ +∆Ψ) d∆

= (Ψ− Λ)
2

[∫ 1
3

0

∆

2

(
1

4
−∆

)
Ω′′ ((1−∆)Λ +∆Ψ) d∆ +

∫ 2
3

1
3

∆

2
(1−∆)Ω′′ ((1−∆)Λ +∆Ψ) d∆

∫ 1

2
3

(1−∆)

(
∆

2
− 3

8

)
Ω′′ ((1−∆)Λ +∆Ψ) d∆

]
= I1 + I2 + I3.

Integration by parts, we have,

I1 =

∫ 1
3

0

∆

2

(
1

4
−∆

)
Ω′′ ((1−∆)Λ +∆Ψ) d∆

=
∆
2

(
1
4 −∆

)
Ψ− Λ

Ω′ ((1−∆)Λ +∆Ψ)

∣∣∣∣∣
1
3

0

− 1

Ψ− Λ

∫ 1
3

0

(
1

8
−∆

)
Ω′ ((1−∆)Λ +∆Ψ) d∆

=
−1

72 (Ψ− Λ)
Ω′
(
2Λ + Ψ

3

)
− 1

Ψ− Λ

∫ 1
3

0

(
1

8
−∆

)
Ω′ ((1−∆)Λ +∆Ψ) d∆

=
−1

72 (Ψ− Λ)
Ω′
(
2Λ + Ψ

3

)
− 1

Ψ− Λ

 ( 18 −∆
)

Ψ− Λ
Ω ((1−∆)Λ +∆Ψ)

∣∣∣∣∣
1
3

0

+
1

Ψ− Λ

∫ 1
3

0

Ω ((1−∆)Λ +∆Ψ) d∆

]

=
−1

72 (Ψ− Λ)
Ω′
(
2Λ + Ψ

3

)
+

5

24 (Ψ− Λ)
2Ω

(
2Λ + Ψ

3

)
+

1

8 (Ψ− Λ)
2Ω (Λ)

− 1

(Ψ− Λ)
2

∫ 1
3

0

Ω ((1−∆)Λ +∆Ψ) d∆
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=
−1

72 (Ψ− Λ)
Ω′
(
2Λ + Ψ

3

)
+

5

24 (Ψ− Λ)
2Ω

(
2Λ + Ψ

3

)
+

1

8 (Ψ− Λ)
2Ω (Λ)

− 1

(Ψ− Λ)
3

∫ 2Λ+Ψ
3

Λ

Ω (u) du, (3)

and

I2 =

∫ 2
3

1
3

∆

2
(1−∆)Ω′′ ((1−∆)Λ +∆Ψ) d∆

=
1

9 (Ψ− Λ)
Ω′
(
Λ + 2Ψ

3

)
− 1

9 (Ψ− Λ)
Ω′
(
2Λ + Ψ

3

)
+

1

6 (Ψ− Λ)
2Ω

(
Λ + 2Ψ

3

)

+
1

6 (Ψ− Λ)
2Ω

(
2Λ + Ψ

3

)
− 1

(Ψ− Λ)
3

∫ Λ+2Ψ
3

2Λ+Ψ
3

Ω (u) du. (4)

Similarly, we get,

I3 =

∫ 1

2
3

(1−∆)

(
∆

2
− 3

8

)
Ω′′ ((1−∆)Λ +∆Ψ) d∆

=
1

72 (Ψ− Λ)
Ω′
(
Λ + 2Ψ

3

)
+

5

24 (Ψ− Λ)
2Ω

(
Λ + 2Ψ

3

)
+

1

8 (Ψ− Λ)
2Ω (Ψ)− 1

(Ψ− Λ)
3

∫ Ψ

Λ+2Ψ
3

Ω (u) du. (5)

Adding the equalities (3), (4) and (5), we get,

I1 + I2 + I3

=
−1

72 (Ψ− Λ)
Ω′
(
2Λ + Ψ

3

)
+

5

24 (Ψ− Λ)
2Ω

(
2Λ + Ψ

3

)
+

1

8 (Ψ− Λ)
2Ω (Λ)

− 1

(Ψ− Λ)
3

∫ 2Λ+Ψ
3

Λ

Ω (u) du+
1

9 (Ψ− Λ)
Ω′
(
Λ + 2Ψ

3

)
− 1

9 (Ψ− Λ)
Ω′
(
2Λ + Ψ

3

)

+
1

6 (Ψ− Λ)
2Ω

(
Λ + 2Ψ

3

)
+

1

6 (Ψ− Λ)
2Ω

(
2Λ + Ψ

3

)
− 1

(Ψ− Λ)
3

∫ Λ+2Ψ
3

2Λ+Ψ
3

Ω (u) du

+
1

72 (Ψ− Λ)
Ω′
(
Λ + 2Ψ

3

)
+

5

24 (Ψ− Λ)
2Ω

(
Λ + 2Ψ

3

)
+

1

8 (Ψ− Λ)
2Ω (Ψ)

− 1

(Ψ− Λ)
3

∫ Ψ

Λ+2Ψ
3

Ω (u) du

=
−1

8 (Ψ− Λ)
Ω′
(
2Λ + Ψ

3

)
+

1

8 (Ψ− Λ)
Ω′
(
Λ + 2Ψ

3

)
+

1

8 (Ψ− Λ)
2Ω (Λ)

+
1

8 (Ψ− Λ)
2Ω (Ψ) +

3

8 (Ψ− Λ)
2Ω

(
2Λ + Ψ

3

)
+

3

8 (Ψ− Λ)
2Ω

(
Λ + 2Ψ

3

)
− 1

(Ψ− Λ)
3

∫ Ψ

Λ

Ω (u) du. (6)

Multiplying by (Ψ− Λ)
2 with equality (6) and subtracting 2 (1− α)

β (α) (Ψ− Λ)
Ω (k), we have,
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(I1 + I2 + I3) (Ψ− Λ)
2 − 2 (1− α)

β (α) (Ψ− Λ)
Ω (k)

=
− (Ψ− Λ)

8
Ω′
(
2Λ + Ψ

3

)
+

(Ψ− Λ)

8
Ω′
(
Λ + 2Ψ

3

)
+

1

8
(Ω (Λ) + Ω (Ψ)) +

3

8
Ω

(
2Λ + Ψ

3

)
+

3

8
Ω

(
Λ + 2Ψ

3

)
− 1

(Ψ− Λ)

∫ Ψ

Λ

Ω (u) du− 2 (1− α)

β (α) (Ψ− Λ)
Ω (k)

=
− (Ψ− Λ)

8
Ω′
(
2Λ + Ψ

3

)
+

(Ψ− Λ)

8
Ω′
(
Λ + 2Ψ

3

)
+

1

8
(Ω (Λ) + Ω (Ψ))

+
3

8
Ω

(
2Λ + Ψ

3

)
+

3

8
Ω

(
Λ + 2Ψ

3

)
− 1

(Ψ− Λ)

(
α

β (α)

∫ k

Λ

Ω (u) du− (1− α)

β (α)
Ω (k) +

α

β (α)

∫ Ψ

k

Ω (u) du− (1− α)

β (α)
Ω (k)

)

=
− (Ψ− Λ)

8
Ω′
(
2Λ + Ψ

3

)
+

(Ψ− Λ)

8
Ω′
(
Λ + 2Ψ

3

)
+

1

8
(Ω (Λ) + Ω (Ψ))

+
3

8
Ω

(
2Λ + Ψ

3

)
+

3

8
Ω

(
Λ + 2Ψ

3

)
− β (α)

α (Ψ− Λ)

[(
CF
Λ IαΩ

)
(k) +

(
CF IαΨΩ

)
(k)
]
.

Thus, we have,
1

8

[
(Ψ− Λ)

(
Ω′
(
Λ + 2Ψ

3

)
− Ω′

(
2Λ + Ψ

3

))
+Ω(Λ) + 3Ω

(
2Λ + Ψ

3

)
+ 3Ω

(
Λ + 2Ψ

3

)
+Ω(Ψ)

]
− β (α)

α (Ψ− Λ)

[(
CF
Λ IαΩ

)
(k) +

(
CF IαΨΩ

)
(k)
]
+

2 (1− α)

α (Ψ− Λ)
Ω (k)

= (Ψ− Λ)
2
∫ 1

0

M (∆)Ω′′ ((1−∆)Λ +∆Ψ) d∆.

The proof of Lemma 3.1 is completed.

4 Perturbed Newton-type Inequalities for s-φ-convex

In this section, we present the fractional Perturbed Newton-type inequalities for s-φ-convex
function.
Theorem 4.1. Under the assumption of Lemma 3.1. If |Ω′′| is s-φ-convex on [Λ,Ψ], then the following
fractional inequality holds:∣∣∣∣18

[
(Ψ− Λ)

(
Ω′
(
Λ + 2Ψ

3

)
− Ω′

(
2Λ + Ψ

3

))
+Ω(Λ) + 3Ω

(
2Λ + Ψ

3

)
+ 3Ω

(
Λ + 2Ψ

3

)
+Ω(Ψ)

]
− β (α)

α (Ψ− Λ)

[(
CF
Λ IαΩ

)
(k) +

(
CF IαΨΩ

)
(k)
]
+

2 (1− α)

α (Ψ− Λ)
Ω (k)

∣∣∣∣
≤ (Ψ− Λ)

2

[(
19

10368

)
|Ω′′ (Λ)|+

(
22s+3s+ 3s+3 − 22s+3

22s+63s+3 (5s+ ss + 6)

)
φ (|Ω′′ (Λ)| , |Ω′′ (Ψ)|)

+

(
13

324

)
|Ω′′ (Λ)|+

(
5× 2s+2 − 2s+ 2s+2s− 7

2× 3s+3 (s+ 2) (s+ 3)

)
φ (|Ω′′ (Λ)| , |Ω′′ (Ψ)|)
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+

(
19

10368

)
|Ω′′ (Λ)| − 1

(s+ 1) (s+ 2) (s+ 3)

(
32s+5s− 15× 23s+4s− 23s+4s2 + 32s+7

+ 22s+33s+3s+
1

22s+63s+3

(
5× 22s+3s+ 3s+3 + 17× 23s+6

))
φ (|Ω′′ (Λ)| , |Ω′′ (Ψ)|)

]
.

Proof. By using the Lemma 3.1, since s-φ-convexity of |Ω′′|, we have,∣∣∣∣18
[
(Ψ− Λ)

(
Ω′
(
Λ + 2Ψ

3

)
− Ω′

(
2Λ + Ψ

3

))
+Ω(Λ) + 3Ω

(
2Λ + Ψ

3

)
+ 3Ω

(
Λ + 2Ψ

3

)
+Ω(Ψ)

]
− β (α)

α (Ψ− Λ)

[(
CF
Λ IαΩ

)
(k) +

(
CF IαΨΩ

)
(k)
]
+

2 (1− α)

α (Ψ− Λ)
Ω (k)

∣∣∣∣
≤ (Ψ− Λ)

2

∣∣∣∣∫ 1

0

M (∆)Ω′′ ((1−∆)Λ +∆Ψ) d∆

∣∣∣∣
≤ (Ψ− Λ)

2

[ ∫ 1
3

0

∣∣∣∣∆2
(
1

4
−∆

)∣∣∣∣ |Ω′′ ((1−∆)Λ +∆Ψ)| d∆

+

∫ 2
3

1
3

∣∣∣∣∆2 (1−∆)

∣∣∣∣ |Ω′′ ((1−∆)Λ +∆Ψ)| d∆

+

∫ 1

2
3

∣∣∣∣(1−∆)

(
∆

2
− 3

8

)∣∣∣∣ |Ω′′ ((1−∆)Λ +∆Ψ)| d∆
]

≤ (Ψ− Λ)
2

[∫ 1
3

0

∣∣∣∣∆2
(
1

4
−∆

)∣∣∣∣ (|Ω′′ (Λ)|+∆sφ (|Ω′′ (Λ)| , |Ω′′ (Ψ)|)) d∆

+

∫ 2
3

1
3

∣∣∣∣∆2 (1−∆)

∣∣∣∣ (|Ω′′ (Λ)|+∆sφ (|Ω′′ (Λ)| , |Ω′′ (Ψ)|)) d∆

+

∫ 1

2
3

∣∣∣∣(1−∆)

(
∆

2
− 3

8

)∣∣∣∣ (|Ω′′ (Λ)|+∆sφ (|Ω′′ (Λ)| , |Ω′′ (Ψ)|)) d∆

]
= (Ψ− Λ)

2
(D1 +D2 +D3) , (7)

where

D1 =

∫ 1
3

0

∣∣∣∣∆2
(
1

4
−∆

)∣∣∣∣ (|Ω′′ (Λ)|+∆sφ (|Ω′′ (Λ)| , |Ω′′ (Ψ)|)) d∆

=

∫ 1
3

0

∣∣∣∣∆2
(
1

4
−∆

)∣∣∣∣ |Ω′′ (Λ)| d∆+

∫ 1
3

0

∣∣∣∣∆2
(
1

4
−∆

)∣∣∣∣∆sφ (|Ω′′ (Λ)| , |Ω′′ (Ψ)|) d∆

=

(
19

10368

)
|Ω′′ (Λ)|+

(
22s+3s+ 3s+3 − 22s+3

22s+63s+3 (5s+ ss + 6)

)
φ (|Ω′′ (Λ)| , |Ω′′ (Ψ)|) . (8)

D2 =

∫ 2
3

1
3

∣∣∣∣∆2 (1−∆)

∣∣∣∣ (|Ω′′ (Λ)|+∆sφ (|Ω′′ (Λ)| , |Ω′′ (Ψ)|)) d∆

=

∫ 2
3

1
3

∣∣∣∣∆2 (1−∆)

∣∣∣∣ |Ω′′ (Λ)| d∆+

∫ 2
3

1
3

∣∣∣∣∆2 (1−∆)

∣∣∣∣∆sφ (|Ω′′ (Λ)| , |Ω′′ (Ψ)|) d∆

=

(
13

324

)
|Ω′′ (Λ)|+

(
5× 2s+2 − 2s+ 2s+2s− 7

2× 3s+3 (s+ 2) (s+ 3)

)
φ (|Ω′′ (Λ)| , |Ω′′ (Ψ)|) . (9)

D3 =

∫ 1

2
3

∣∣∣∣(1−∆)

(
∆

2
− 3

8

)∣∣∣∣ (|Ω′′ (Λ)|+∆sφ (|Ω′′ (Λ)| , |Ω′′ (Ψ)|)) d∆
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=

∫ 1

2
3

∣∣∣∣(1−∆)

(
∆

2
− 3

8

)∣∣∣∣ |Ω′′ (Λ)| d∆+

∫ 1

2
3

∣∣∣∣(1−∆)

(
∆

2
− 3

8

)∣∣∣∣∆sφ (|Ω′′ (Λ)| , |Ω′′ (Ψ)|) d∆

=

(
19

10368

)
|Ω′′ (Λ)| − 1

(s+ 1) (s+ 2) (s+ 3)

×
(
32s+5s− 15× 23s+4s− 23s+4s2 + 32s+7 + 22s+33s+3s

+
1

22s+63s+3

(
5× 22s+3s+ 3s+3 + 17× 23s+6

))
φ (|Ω′′ (Λ)| , |Ω′′ (Ψ)|) . (10)

Using the equalities (8), (9) and (10) in (7), we get the required result.

This completes the proof.
Corollary 4.1. If we choose s = 1 in Theorem 4.1, then we get,∣∣∣∣18

[
(Ψ− Λ)

(
Ω′
(
Λ + 2Ψ

3

)
− Ω′

(
2Λ + Ψ

3

))
+Ω(Λ) + 3Ω

(
2Λ + Ψ

3

)
+ 3Ω

(
Λ + 2Ψ

3

)
+Ω(Ψ)

]
− β (α)

α (Ψ− Λ)

[(
CF
Λ IαΩ

)
(k) +

(
CF IαΨΩ

)
(k)
]
+

2 (1− α)

α (Ψ− Λ)
Ω (k)

∣∣∣∣
≤ (Ψ− Λ)

2

[
125 |Ω′′ (Λ)|+ 27φ (|Ω′′ (Λ)| , |Ω′′ (Ψ)|)

82944
+

26 |Ω′′ (Λ)|+ 13 |Ω′′ (Ψ)|
648

+
152 |Ω′′ (Λ)|+ 125φ (|Ω′′ (Λ)| , |Ω′′ (Ψ)|)

82944

]
.

Corollary 4.2. Applying again convexity on Corollary 4.1, we get,∣∣∣∣18
[
(Ψ− Λ)

(
Ω′
(
Λ + 2Ψ

3

)
− Ω′

(
2Λ + Ψ

3

))
+Ω(Λ) + 3Ω

(
2Λ + Ψ

3

)
+ 3Ω

(
Λ + 2Ψ

3

)
+Ω(Ψ)

]
− β (α)

α (Ψ− Λ)

[(
CF
Λ IαΩ

)
(k) +

(
CF IαΨΩ

)
(k)
]
+

2 (1− α)

α (Ψ− Λ)
Ω (k)

∣∣∣∣
≤ (Ψ− Λ)

2

(
227

5184

)[
|Ω′′ (Λ)|+ 1

2
φ (|Ω′′ (Λ)| , |Ω′′ (Ψ)|)

]
.

Corollary 4.3. If we choose φ (|Ω′′ (Λ)| , |Ω′′ (Ψ)|) = |Ω′′ (Ψ)| − |Ω′′ (Λ)| in Corollary 4.2, then we get,∣∣∣∣18
[
(Ψ− Λ)

(
Ω′
(
Λ + 2Ψ

3

)
− Ω′

(
2Λ + Ψ

3

))
+Ω(Λ) + 3Ω

(
2Λ + Ψ

3

)
+ 3Ω

(
Λ + 2Ψ

3

)
+Ω(Ψ)

]
− β (α)

α (Ψ− Λ)

[(
CF
Λ IαΩ

)
(k) +

(
CF IαΨΩ

)
(k)
]
+

2 (1− α)

α (Ψ− Λ)
Ω (k)

∣∣∣∣
≤ (Ψ− Λ)

2

(
227

10368

)
(|Ω′′ (Λ)|+ |Ω′′ (Ψ)|) .

Theorem 4.2. Under the assumption of Lemma 3.1. If |Ω′′|q is s-φ-convex on [Λ,Ψ] and q > 1, then the
following fractional inequality holds:∣∣∣∣18

[
(Ψ− Λ)

(
Ω′
(
Λ + 2Ψ

3

)
− Ω′

(
2Λ + Ψ

3

))
+Ω(Λ) + 3Ω

(
2Λ + Ψ

3

)
+ 3Ω

(
Λ + 2Ψ

3

)
+Ω(Ψ)

]
− β (α)

α (Ψ− Λ)

[(
CF
Λ IαΩ

)
(k) +

(
CF IαΨΩ

)
(k)
]
+

2 (1− α)

α (Ψ− Λ)
Ω (k)

∣∣∣∣
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≤ (Ψ− Λ)
2

(C1)
1
r

(
6

18
|Ω′′ (Λ)|q +

φ
(
|Ω′′ (Λ)|q , |Ω′′ (Ψ)|q

)
3s+1 (s+ 1)

) 1
q

+ (C2)
1
r

(
2

6
|Ω′′ (Λ)|q +

3−s−1
(
−1 + 21+s

) (
φ
(
|Ω′′ (Λ)|q , |Ω′′ (Ψ)|q

))
(s+ 1)

) 1
q

+ (C3)
1
r

(
6

18
|Ω′′ (Λ)|q +

2s × 3−s−1
(
−2 + 2−s × 31+s

) (
φ
(
|Ω′′ (Λ)|q , |Ω′′ (Ψ)|q

))
(s+ 1)

) 1
q

 ,

where 1

p
+

1

q
= 1.

Proof. By using the Lemma 3.1, with the help of Hölder inequality and s-φ-convexity of |Ω′′|q , we
have,∣∣∣∣18

[
(Ψ− Λ)

(
Ω′
(
Λ + 2Ψ

3

)
− Ω′

(
2Λ + Ψ

3

))
+Ω(Λ) + 3Ω

(
2Λ + Ψ

3

)
+ 3Ω

(
Λ + 2Ψ

3

)
+Ω(Ψ)

]
− β (α)

α (Ψ− Λ)

[(
CF
Λ IαΩ

)
(k) +

(
CF IαΨΩ

)
(k)
]
+

2 (1− α)

α (Ψ− Λ)
Ω (k)

∣∣∣∣
≤ (Ψ− Λ)

2

∣∣∣∣∫ 1

0

M (∆)Ω′′ ((1−∆)Λ +∆Ψ) d∆

∣∣∣∣
≤ (Ψ− Λ)

2

(∫ 1
3

0

∣∣∣∣∆2
(
1

4
−∆

)∣∣∣∣r d∆
) 1

r
(∫ 1

3

0

|Ω′′ ((1−∆)Λ +∆Ψ)|q d∆

) 1
q

+

(∫ 2
3

1
3

∣∣∣∣∆2 (1−∆)

∣∣∣∣r d∆
) 1

r
(∫ 2

3

1
3

|Ω′′ ((1−∆)Λ +∆Ψ)|q d∆

) 1
q

+

(∫ 1

2
3

∣∣∣∣(1−∆)

(
∆

2
− 3

8

)∣∣∣∣r d∆
) 1

r
(∫ 1

2
3

|Ω′′ ((1−∆)Λ +∆Ψ)|q d∆

) 1
q


≤ (Ψ− Λ)

2

[(∫ 1
3

0

∣∣∣∣∆2
(
1

4
−∆

)∣∣∣∣r d∆
) 1

r (∫ 1
3

0

(1−∆) |Ω′′ (Λ)|q d∆

+

∫ 1
3

0

∆sφ
(
|Ω′′ (Λ)|q , |Ω′′ (Ψ)|q

)
d∆

) 1
q

+

(∫ 2
3

1
3

∣∣∣∣∆2 (1−∆)

∣∣∣∣r d∆
) 1

r (∫ 2
3

1
3

(1−∆) |Ω′′ (Λ)|q d∆

+

∫ 2
3

1
3

∆sφ
(
|Ω′′ (Λ)|q , |Ω′′ (Ψ)|q

)
d∆

) 1
q

+

(∫ 1

2
3

∣∣∣∣(1−∆)

(
∆

2
− 3

8

)∣∣∣∣r d∆
) 1

r

(∫ 1

2
3

(1−∆) |Ω′′ (Λ)|q d∆+

∫ 1

2
3

∆sφ
(
|Ω′′ (Λ)|q , |Ω′′ (Ψ)|q

)
d∆

) 1
q

]
.

Employing the s-φ-convexity of |Ω′′|q , we have,(∫ 1
3

0

(1−∆) |Ω′′ (Λ)|q d∆+

∫ 1
3

0

∆sφ
(
|Ω′′ (Λ)|q , |Ω′′ (Ψ)|q

)
d∆

) 1
q
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=

(
6

18
|Ω′′ (Λ)|q +

φ
(
|Ω′′ (Λ)|q , |Ω′′ (Ψ)|q

)
3s+1 (s+ 1)

) 1
q

.

Also, we get, (∫ 2
3

1
3

(1−∆) |Ω′′ (Λ)|q d∆+

∫ 2
3

1
3

∆sφ
(
|Ω′′ (Λ)|q , |Ω′′ (Ψ)|q

)
d∆

) 1
q

=

(
2

6
|Ω′′ (Λ)|q +

3−s−1
(
−1 + 21+s

) (
φ
(
|Ω′′ (Λ)|q , |Ω′′ (Ψ)|q

))
(s+ 1)

) 1
q

,

and (∫ 1

2
3

(1−∆) |Ω′′ (Λ)|q d∆+

∫ 1

2
3

∆sφ
(
|Ω′′ (Λ)|q , |Ω′′ (Ψ)|q

)
d∆

) 1
q

=

(
6

18
|Ω′′ (Λ)|q +

2s × 3−s−1
(
−2 + 2−s × 31+s

) (
φ
(
|Ω′′ (Λ)|q , |Ω′′ (Ψ)|q

))
(s+ 1)

) 1
q

.

We also have,

C1 =

∫ 1
3

0

∣∣∣∣∆2
(
1

4
−∆

)∣∣∣∣r d∆ (11)

=

∫ 1
4

0

(
∆

2

(
1

4
−∆

))r

d∆+

∫ 1
3

1
4

(
∆

2

(
∆− 1

4

))r

d∆

=
1

8r

[∫ 1
4

0

(∆ (1− 4∆))
r
d∆+

∫ 1
3

0

(∆ (4∆− 1))
r
d∆−

∫ 1
4

0

(∆ (4∆− 1))
r
d∆

]

=
1

8r

[
B (r + 1, r + 1)

4r+1
+

−1r

3r+1 (r + 1)
×2 Ω1

(
−r, r + 1; r + 2;

4

3

)
+

(−1r)×B (r + 1, r + 1)

4r+1
×2 Ω1 (−r, r + 1; r + 2; 1)

]
.

C2 =

∫ 2
3

1
3

∣∣∣∣∆2 (1−∆)

∣∣∣∣r d∆
=

1

2r

[∫ 2
3

0

∆r (1−∆)
r
d∆−

∫ 1
3

0

∆r (1−∆)
r
d∆

]

=
1

3r+1 (r + 1)

[
2×2 Ω1

(
−r, r + 1; r + 2;

4

3

)]
.

C3 =

∫ 1

2
3

∣∣∣∣(1−∆)

(
∆

2
− 3

8

)∣∣∣∣r d∆
=

∫ 3
4

2
3

[
(1−∆)

(
3

8
− ∆

2

)]r
d∆+

∫ 1

3
4

[
(1−∆)

(
∆

2
− 3

8

)]r
d∆

=

(
3

8

)r [
1

36r × 12
B (r + 1, 1)×2 Ω1

(
−r, r + 1; r + 2;

−1

3

)
+

1

4r+13r
B (r + 1, r + 1)

]
.

This completes the proof.
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Corollary 4.4. If we choose s = 1 in Theorem 4.2, then we get,∣∣∣∣18
[
(Ψ− Λ)

(
Ω′
(
Λ + 2Ψ

3

)
− Ω′

(
2Λ + Ψ

3

))
+Ω(Λ) + 3Ω

(
2Λ + Ψ

3

)
+ 3Ω

(
Λ + 2Ψ

3

)
+Ω(Ψ)

]
− β (α)

α (Ψ− Λ)

[(
CF
Λ IαΩ

)
(k) +

(
CF IαΨΩ

)
(k)
]
+

2 (1− α)

α (Ψ− Λ)
Ω (k)

∣∣∣∣
≤ (Ψ− Λ)

2

(C1)
1
r

(
6 |Ω′′ (Λ)|q + φ

(
|Ω′′ (Λ)|q , |Ω′′ (Ψ)|q

)
18

) 1
q

+ (C2)
1
r

(
2 |Ω′′ (Λ)|q + φ

(
|Ω′′ (Λ)|q , |Ω′′ (Ψ)|q

)
6

) 1
q

+ (C3)
1
r

(
6 |Ω′′ (Λ)|q + 5φ

(
|Ω′′ (Λ)|q , |Ω′′ (Ψ)|q

)
18

) 1
q

 ,

where Ci for i = 1, 2, 3 denoted as in (11).
Corollary 4.5. If we choose φ (|Ω′′ (Λ)| , |Ω′′ (Ψ)|) = |Ω′′ (Ψ)| − |Ω′′ (Λ)| in Corollary 4.4, then we get,∣∣∣∣18

[
(Ψ− Λ)

(
Ω′
(
Λ + 2Ψ

3

)
− Ω′

(
2Λ + Ψ

3

))
+Ω(Λ) + 3Ω

(
2Λ + Ψ

3

)
+ 3Ω

(
Λ + 2Ψ

3

)
+Ω(Ψ)

]
− β (α)

α (Ψ− Λ)

[(
CF
Λ IαΩ

)
(k) +

(
CF IαΨΩ

)
(k)
]
+

2 (1− α)

α (Ψ− Λ)
Ω (k)

∣∣∣∣
≤ (Ψ− Λ)

2

[
(C1)

1
r

(
5 |Ω′′ (Λ)|q + |Ω′′ (Ψ)|q

18

) 1
q

+ (C2)
1
r

(
|Ω′′ (Λ)|q + |Ω′′ (Ψ)|q

6

) 1
q

+ (C3)
1
r

(
|Ω′′ (Λ)|q + 5 |Ω′′ (Ψ)|q

18

) 1
q

]
,

where Ci for i = 1, 2, 3 denoted as in (11).
Theorem 4.3. Under the assumption of Lemma 3.1. If |Ω′′|q is s-φ-convex on [Λ,Ψ] and q ≥ 1, then the
following fractional inequality holds:∣∣∣∣18

[
(Ψ− Λ)

(
Ω′
(
Λ + 2Ψ

3

)
− Ω′

(
2Λ + Ψ

3

))
+Ω(Λ) + 3Ω

(
2Λ + Ψ

3

)
+ 3Ω

(
Λ + 2Ψ

3

)
+Ω(Ψ)

]
− β (α)

α (Ψ− Λ)

[(
CF
Λ IαΩ

)
(k) +

(
CF IαΨΩ

)
(k)
]
+

2 (1− α)

α (Ψ− Λ)
Ω (k)

∣∣∣∣
≤ (Ψ− Λ)

2

( 19

10368

)1− 1
q

(
152 |Ω′′ (Λ)|q

82944
+

27
(
22s+3s+ 3s+3 − 22s+3

)
22s+63s+3 (5s+ ss + 6)

φ
(
|Ω′′ (Λ)|q , |Ω′′ (Ψ)|q

)) 1
q

+

(
13

324

)1− 1
q

(
26 |Ω′′ (Λ)|q

648
+

(
5× 2s+2 − 2s+ 2s+2s− 7

)
2× 3s+3 (s+ 2) (s+ 3)

φ
(
|Ω′′ (Λ)|q , |Ω′′ (Ψ)|q

)) 1
q

+

(
19

10368

)1− 1
q
(
152 |Ω′′ (Λ)|q

82944
− 1

(s+ 1) (s+ 2) (s+ 3)

(
32s+5s− 15× 23s+4s− 23s+4s2 + 32s+7

+22s+33s+3s+
1

22s+63s+3

(
5× 22s+3s+ 3s+3 + 17× 23s+6

)
φ |Ω′′ (Λ)|q , |Ω′′ (Ψ)|q

)) 1
q

]
,
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where 1

p
+

1

q
= 1.

Proof. By using the Lemma 3.1, with the help of power-mean inequalitys-φ-convexity of |Ω′′|q , we
have,∣∣∣∣18

[
(Ψ− Λ)

(
Ω′
(
Λ + 2Ψ

3

)
− Ω′

(
2Λ + Ψ

3

))
+Ω(Λ) + 3Ω

(
2Λ + Ψ

3

)
+ 3Ω

(
Λ + 2Ψ

3

)
+Ω(Ψ)

]
− β (α)

α (Ψ− Λ)

[(
CF
Λ IαΩ

)
(k) +

(
CF IαΨΩ

)
(k)
]
+

2 (1− α)

α (Ψ− Λ)
Ω (k)

∣∣∣∣
≤ (Ψ− Λ)

2

∣∣∣∣∫ 1

0

M (∆)Ω′′ ((1−∆)Λ +∆Ψ) d∆

∣∣∣∣
≤ (Ψ− Λ)

2

[∫ 1
3

0

∣∣∣∣∆2
(
1

4
−∆

)∣∣∣∣ |Ω′′ ((1−∆)Λ +∆Ψ)| d∆+

∫ 2
3

1
3

+

∣∣∣∣∆2 (1−∆)

∣∣∣∣ |Ω′′ ((1−∆)Λ +∆Ψ)| d∆
∫ 1

2
3

∣∣∣∣(1−∆)

(
∆

2
− 3

8

)∣∣∣∣ |Ω′′ ((1−∆)Λ +∆Ψ)| d∆

]

≤ (Ψ− Λ)
2

(∫ 1
3

0

∣∣∣∣∆2
(
1

4
−∆

)∣∣∣∣ d∆
)1− 1

q
(∫ 1

3

0

∣∣∣∣∆2
(
1

4
−∆

)∣∣∣∣ |Ω′′ ((1−∆)Λ +∆Ψ)|q d∆

) 1
q

+

(∫ 2
3

1
3

∣∣∣∣∆2 (1−∆)

∣∣∣∣ d∆
)1− 1

q
(∫ 2

3

1
3

∣∣∣∣∆2 (1−∆)

∣∣∣∣ |Ω′′ ((1−∆)Λ +∆Ψ)|q d∆

) 1
q

+

(∫ 1

2
3

∣∣∣∣(1−∆)

(
∆

2
− 3

8

)∣∣∣∣ d∆
)1− 1

q
(∫ 1

2
3

∣∣∣∣(1−∆)

(
∆

2
− 3

8

)∣∣∣∣ |Ω′′ ((1−∆)Λ +∆Ψ)|q d∆

) 1
q


≤ (Ψ− Λ)

2

(∫ 1
3

0

∣∣∣∣∆2
(
1

4
−∆

)∣∣∣∣ d∆
)1− 1

q

×

(∫ 1
3

0

∣∣∣∣∆2
(
1

4
−∆

)∣∣∣∣ (|Ω′′ (Λ)|q +∆sφ
(
|Ω′′ (Λ)|q , |Ω′′ (Ψ)|q

))
d∆

) 1
q

+

(∫ 2
3

1
3

∣∣∣∣∆2 (1−∆)

∣∣∣∣ d∆
)1− 1

q
(∫ 2

3

1
3

∣∣∣∣∆2 (1−∆)

∣∣∣∣ (|Ω′′ (Λ)|q +∆sφ
(
|Ω′′ (Λ)|q , |Ω′′ (Ψ)|q

))
d∆

) 1
q

+

(∫ 1

2
3

∣∣∣∣(1−∆)

(
∆

2
− 3

8

)∣∣∣∣ d∆
)1− 1

q

×

(∫ 1

2
3

∣∣∣∣(1−∆)

(
∆

2
− 3

8

)∣∣∣∣ (|Ω′′ (Λ)|q +∆sφ
(
|Ω′′ (Λ)|q , |Ω′′ (Ψ)|q

))
d∆

) 1
q


≤ (Ψ− Λ)

2

( 19

10368

)1− 1
q

(
152 |Ω′′ (Λ)|q

82944
+

27
(
22s+3s+ 3s+3 − 22s+3

)
22s+63s+3 (5s+ ss + 6)

φ
(
|Ω′′ (Λ)|q , |Ω′′ (Ψ)|q

)) 1
q

+

(
13

324

)1− 1
q
(
26 |Ω′′ (Λ)|q

648
+

5× 2s+2 − 2s+ 2s+2s− 7

2× 3s+3 (s+ 2) (s+ 3)
φ
(
|Ω′′ (Λ)|q , |Ω′′ (Ψ)|q

)) 1
q
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+

(
19

10368

)1− 1
q
(
152 |Ω′′ (Λ)|q

82944
− 1

(s+ 1) (s+ 2) (s+ 3)

×
(
32s+5s− 15× 23s+4s− 23s+4s2 + 32s+7 + 22s+33s+3s

+
1

22s+63s+3

(
5× 22s+3s+ 3s+3 + 17× 23s+6

))
φ
(
|Ω′′ (Λ)|q , |Ω′′ (Ψ)|q

)) 1
q

]
.

This completes the proof.
Corollary 4.6. If we choose s = 1 in Theorem 4.3, then we get,∣∣∣∣18

[
(Ψ− Λ)

(
Ω′
(
Λ + 2Ψ

3

)
− Ω′

(
2Λ + Ψ

3

))
+Ω(Λ) + 3Ω

(
2Λ + Ψ

3

)
+ 3Ω

(
Λ + 2Ψ

3

)
+Ω(Ψ)

]
− β (α)

α (Ψ− Λ)

[(
CF
Λ IαΩ

)
(k) +

(
CF IαΨΩ

)
(k)
]
+

2 (1− α)

α (Ψ− Λ)
Ω (k)

∣∣∣∣
≤ (Ψ− Λ)

2

( 19

10368

)1− 1
q

(
152 |Ω′′ (Λ)|q + 27φ

(
|Ω′′ (Λ)|q , |Ω′′ (Ψ)|q

)
82944

) 1
q

+

(
13

324

)1− 1
q

(
26 |Ω′′ (Λ)|q + 13φ

(
|Ω′′ (Λ)|q , |Ω′′ (Ψ)|q

)
648

) 1
q

+

(
19

10368

)1− 1
q

(
152 |Ω′′ (Λ)|q + 125φ

(
|Ω′′ (Λ)|q , |Ω′′ (Ψ)|q

)
82944

) 1
q

 .

Corollary 4.7. If we choose φ (|Ω′′ (Λ)| , |Ω′′ (Ψ)|) = |Ω′′ (Ψ)| − |Ω′′ (Λ)| in Corollary 4.6, then we get,∣∣∣∣18
[
(Ψ− Λ)

(
Ω′
(
Λ + 2Ψ

3

)
− Ω′

(
2Λ + Ψ

3

))
+Ω(Λ) + 3Ω

(
2Λ + Ψ

3

)
+ 3Ω

(
Λ + 2Ψ

3

)
+Ω(Ψ)

]
− β (α)

α (Ψ− Λ)

[(
CF
Λ IαΩ

)
(k) +

(
CF IαΨΩ

)
(k)
]
+

2 (1− α)

α (Ψ− Λ)
Ω (k)

∣∣∣∣
≤ (Ψ− Λ)

2

[(
19

10368

)1− 1
q
(
125 |Ω′′ (Λ)|q + 27 |Ω′′ (Ψ)|q

82944

) 1
q

+

(
13

324

)1− 1
q

(
13 |Ω′′ (Λ)|q + 13 |Ω′′ (Ψ)|q

648

) 1
q

+

(
19

10368

)1− 1
q
(
27 |Ω′′ (Λ)|q + 125 |Ω′′ (Ψ)|q

82944

) 1
q

]
.

5 Perturbed Newton-type Inequalities for φ-quasi-convex

In this section, we obtain the new errors bounds for perturbed Newton-type inequalities via
φ-quasi-convex function.
Theorem 5.1. Under the assumption of Lemma 3.1. If |Ω′′| is φ-quasi-convex on [Λ,Ψ], then the following
fractional inequality holds:∣∣∣∣18

[
(Ψ− Λ)

(
Ω′
(
Λ + 2Ψ

3

)
− Ω′

(
2Λ + Ψ

3

))
+Ω(Λ) + 3Ω

(
2Λ + Ψ

3

)
+ 3Ω

(
Λ + 2Ψ

3

)
+Ω(Ψ)

]
− β (α)

α (Ψ− Λ)

[(
CF
Λ IαΩ

)
(k) +

(
CF IαΨΩ

)
(k)
]
+

2 (1− α)

α (Ψ− Λ)
Ω (k)

∣∣∣∣
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≤ (Ψ− Λ)
2

(
227

5184

)
max [|Ω′′ (Λ)| , |Ω′′ (Λ)|+ φ (|Ω′′ (Λ)| , |Ω′′ (Ψ)|)] .

Proof. By using the Lemma 3.1, we have,∣∣∣∣18
[
(Ψ− Λ)

(
Ω′
(
Λ + 2Ψ

3

)
− Ω′

(
2Λ + Ψ

3

))
+Ω(Λ) + 3Ω

(
2Λ + Ψ

3

)
+ 3Ω

(
Λ + 2Ψ

3

)
+Ω(Ψ)

]
− β (α)

α (Ψ− Λ)

[(
CF
Λ IαΩ

)
(k) +

(
CF IαΨΩ

)
(k)
]
+

2 (1− α)

α (Ψ− Λ)
Ω (k)

∣∣∣∣
≤ (Ψ− Λ)

2

∣∣∣∣∫ 1

0

M (∆)Ω′′ ((1−∆)Λ +∆Ψ) d∆

∣∣∣∣
≤ (Ψ− Λ)

2

[∫ 1
3

0

∣∣∣∣∆2
(
1

4
−∆

)∣∣∣∣ |Ω′′ ((1−∆)Λ +∆Ψ)| d∆+

∫ 2
3

1
3

∣∣∣∣∆2 (1−∆)

∣∣∣∣
+ |Ω′′ ((1−∆)Λ +∆Ψ)| d∆

∫ 1

2
3

∣∣∣∣(1−∆)

(
∆

2
− 3

8

)∣∣∣∣ |Ω′′ ((1−∆)Λ +∆Ψ)| d∆

]

≤ (Ψ− Λ)
2

[∫ 1
3

0

∣∣∣∣∆2
(
1

4
−∆

)∣∣∣∣max [|Ω′′ (Λ)| , |Ω′′ (Λ)|+ φ (|Ω′′ (Λ)| , |Ω′′ (Ψ)|)] d∆

+

∫ 2
3

1
3

∣∣∣∣∆2 (1−∆)

∣∣∣∣max [|Ω′′ (Λ)| , |Ω′′ (Λ)|+ φ (|Ω′′ (Λ)| , |Ω′′ (Ψ)|)] d∆

+

∫ 1

2
3

∣∣∣∣(1−∆)

(
∆

2
− 3

8

)∣∣∣∣max [|Ω′′ (Λ)| , |Ω′′ (Λ)|+ φ (|Ω′′ (Λ)| , |Ω′′ (Ψ)|)] d∆

]

≤ (Ψ− Λ)
2

(
227

5184

)
max [|Ω′′ (Λ)| , |Ω′′ (Λ)|+ φ (|Ω′′ (Λ)| , |Ω′′ (Ψ)|)] .

This completes the proof.
Theorem 5.2. Under the assumption of Lemma 3.1. If |Ω′′|q is φ-quasi-convex on [Λ,Ψ] and q ≥ 1, then
the following fractional inequality holds:∣∣∣∣18

[
(Ψ− Λ)

(
Ω′
(
Λ + 2Ψ

3

)
− Ω′

(
2Λ + Ψ

3

))
+Ω(Λ) + 3Ω

(
2Λ + Ψ

3

)
+ 3Ω

(
Λ + 2Ψ

3

)
+Ω(Ψ)

]
− β (α)

α (Ψ− Λ)

[(
CF
Λ IαΩ

)
(k) +

(
CF IαΨΩ

)
(k)
]
+

2 (1− α)

α (Ψ− Λ)
Ω (k)

∣∣∣∣
≤ (Ψ− Λ)

2

(
227

5184

)(
max

[
|Ω′′ (Λ)|q , |Ω′′ (Λ)|q + φ

(
|Ω′′ (Λ)|q , |Ω′′ (Ψ)|q

)] 1
q

)
.

Proof. By using the Lemma 3.1, we have,∣∣∣∣18
[
(Ψ− Λ)

(
Ω′
(
Λ + 2Ψ

3

)
− Ω′

(
2Λ + Ψ

3

))
+Ω(Λ) + 3Ω

(
2Λ + Ψ

3

)
+ 3Ω

(
Λ + 2Ψ

3

)
+Ω(Ψ)

]
− β (α)

α (Ψ− Λ)

[(
CF
Λ IαΩ

)
(k) +

(
CF IαΨΩ

)
(k)
]
+

2 (1− α)

α (Ψ− Λ)
Ω (k)

∣∣∣∣
≤ (Ψ− Λ)

2

∣∣∣∣∫ 1

0

M (∆)Ω′′ ((1−∆)Λ +∆Ψ) d∆

∣∣∣∣
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≤ (Ψ− Λ)
2

[∫ 1
3

0

∣∣∣∣∆2
(
1

4
−∆

)∣∣∣∣ |Ω′′ ((1−∆)Λ +∆Ψ)| d∆+

∫ 2
3

1
3

∣∣∣∣∆2 (1−∆)

∣∣∣∣
+ |Ω′′ ((1−∆)Λ +∆Ψ)| d∆

∫ 1

2
3

∣∣∣∣(1−∆)

(
∆

2
− 3

8

)∣∣∣∣ |Ω′′ ((1−∆)Λ +∆Ψ)| d∆

]

≤ (Ψ− Λ)
2

(∫ 1
3

0

∣∣∣∣∆2
(
1

4
−∆

)∣∣∣∣ d∆
)1− 1

q
(∫ 1

3

0

∣∣∣∣∆2
(
1

4
−∆

)∣∣∣∣ |Ω′′ ((1−∆)Λ +∆Ψ)|q d∆

) 1
q

+

(∫ 2
3

1
3

∣∣∣∣∆2 (1−∆)

∣∣∣∣ d∆
)1− 1

q
(∫ 2

3

1
3

∣∣∣∣∆2 (1−∆)

∣∣∣∣ |Ω′′ ((1−∆)Λ +∆Ψ)|q d∆

) 1
q

+

(∫ 1

2
3

∣∣∣∣(1−∆)

(
∆

2
− 3

8

)∣∣∣∣ d∆
)1− 1

q
(∫ 1

2
3

∣∣∣∣(1−∆)

(
∆

2
− 3

8

)∣∣∣∣ |Ω′′ ((1−∆)Λ +∆Ψ)|q d∆

) 1
q


≤ (Ψ− Λ)

2

(∫ 1
3

0

∣∣∣∣∆2
(
1

4
−∆

)∣∣∣∣ d∆
)1− 1

q

×

(∫ 1
3

0

∣∣∣∣∆2
(
1

4
−∆

)∣∣∣∣max
[
|Ω′′ (Λ)|q , |Ω′′ (Λ)|q + φ

(
|Ω′′ (Λ)|q , |Ω′′ (Ψ)|q

)]
d∆

) 1
q

+

(∫ 2
3

1
3

∣∣∣∣∆2 (1−∆)

∣∣∣∣ d∆
)1− 1

q (∫ 2
3

1
3

∣∣∣∣∆2 (1−∆)

∣∣∣∣max[|Ω′′ (Λ)|q , |Ω′′ (Λ)|q

+ φ
(
|Ω′′ (Λ)|q , |Ω′′ (Ψ)|q

)
]d∆

) 1
q

+

(∫ 1

2
3

∣∣∣∣(1−∆)

(
∆

2
− 3

8

)∣∣∣∣ d∆
)1− 1

q

×

(∫ 1

2
3

∣∣∣∣(1−∆)

(
∆

2
− 3

8

)∣∣∣∣max
[
|Ω′′ (Λ)|q , |Ω′′ (Λ)|q + φ

(
|Ω′′ (Λ)|q , |Ω′′ (Ψ)|q

)]
d∆

) 1
q


≤ (Ψ− Λ)

2

[(
19

10368

)1− 1
q
((

19

10368

)
max

[
|Ω′′ (Λ)|q , |Ω′′ (Λ)|q + φ

(
|Ω′′ (Λ)|q , |Ω′′ (Ψ)|q

)]) 1
q

+

(
13

324

)1− 1
q
((

13

324

)
max

[
|Ω′′ (Λ)|q , |Ω′′ (Λ)|q + φ

(
|Ω′′ (Λ)|q , |Ω′′ (Ψ)|q

)]) 1
q

(
19

10368

)1− 1
q
((

19

10368

)
max

[
|Ω′′ (Λ)|q , |Ω′′ (Λ)|q + φ

(
|Ω′′ (Λ)|q , |Ω′′ (Ψ)|q

)]) 1
q

]

≤ (Ψ− Λ)
2

(
227

5184

)(
max

[
|Ω′′ (Λ)|q , |Ω′′ (Λ)|q + φ

(
|Ω′′ (Λ)|q , |Ω′′ (Ψ)|q

)] 1
q

)
.

This completes the proof.

6 Application to Some Special Means

(a) The Arithmetic mean:

A = A (Λ,Ψ) :=
Λ +Ψ

2
, Λ, Ψ ∈ R.
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(b) The Logarithmic mean:

L = L (Λ,Ψ) :=
Ψ− iΛ

lnΨ− ln Λ
, Λ, Ψ ∈ R, Λ ̸= Ψ.

(c) The Generalized Logarithmic-mean:

Lr = Lr (Λ,Ψ) :=

[
Ψr+1 − Λr+1

(r + 1) (Ψ− Λ)

]
r ∈ R\{−1, 0}, Λ,Ψ ∈ R, Λ ̸= Ψ.

Proposition 6.1. Let Λ,Ψ ∈ R with 0 < Λ < Ψ, we have,∣∣∣∣4 (Ψ− Λ)

27

(
A3 (Λ2, 2Ψ2)+A3 (2Λ,Ψ)

)
+

1

4
A
(
Λ4,Ψ4)+ 2

27

(
A4 (2Λ,Ψ) +A4 (Λ, 2Ψ)

)
− L5

5 (Λ,Ψ)

∣∣∣∣
≤ (Ψ− Λ)2

(
227

864

)(
4Λ2 +Ψ2) .

Proof. The assertion follows from Theorem 4.1, Ω (x) =
x4

12
, α = s = 1 and β (0) = β (1) = 1,

where |Ω′′| = x2 the φ-convex function φ (Λ,Ψ) = 2Λ +Ψ.

Proposition 6.2. Let Λ,Ψ ∈ R with 0 < Λ < Ψ, we have,∣∣∣∣10 (Ψ− Λ)

81

(
A4 (Λ, 2Ψ) +A4 (2Λ,Ψ)

)
+

1

4
A
(
Λ5,Ψ5

)
+

4

81

(
A5 (2Λ,Ψ) +A5 (Λ, 2Ψ)

)
− L6

6 (Λ,Ψ)

∣∣∣∣
≤ (Ψ− Λ)

2

(
1135

2592

)(
2Λ3 + Λ9 −Ψ9

)
.

Proof. The assertion follows from Theorem 4.1, Ω (x) =
x5

20
, α = s = 1 and β (0) = β (1) = 1,

where |Ω′′| = x3 the φ-convex function φ (Λ,Ψ) = 3Λ2 (Λ−Ψ) + 3Λ (Λ−Ψ)
2
+ (Λ−Ψ)

3
.

Proposition 6.3. Let Λ,Ψ ∈ R with 0 < Λ < Ψ, we have,∣∣∣∣∣ (Ψ− Λ)
2

12
+

1

4
A
(
Λ4,Ψ4

)
+

1

6

(
A2 (2Λ,Ψ) +A2 (Λ, 2Ψ)

)
− L3

3 (Λ,Ψ)

∣∣∣∣∣ ≤ (Ψ− Λ)
2

2592
.

Proof. The assertion follows from Theorem 4.1,Ω (x) = x2, α = s = 1 and β (0) = β (1) = 1,where
|Ω′′| = 2 the φ-convex function φ (Λ,Ψ) = Λ−Ψ.

Proposition 6.4. Let Λ,Ψ ∈ R with 0 < Λ < Ψ, we have,∣∣∣∣9 (Ψ− Λ)

32

(
A−2 (2Λ,Ψ)−A−2 (Λ, 2Ψ)

)
+

1

4
H−1 (Λ,Ψ) +

9

16

(
A−1 (2Λ,Ψ) +A−1 (Λ, 2Ψ)

)
− L−1 (Λ,Ψ)

∣∣∣∣
≤ (Ψ− Λ)2

(
227

5184

)
max

(
2

Λ3
,
2

Ψ3

)
.

Proof. The assertion follows from Theorem 5.2, Ω (x) =
1

x
, α = 1 and β (0) = β (1) = 1, where

|Ω′′| =
∣∣∣∣ 2x3

∣∣∣∣ the φ-convex function φ (Λ,Ψ) = Λ−Ψ.
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Next we give two examples for definition.
Example 6.1. Suppose Ω (x) = x3, then Ω is not convex but is φ-convex with
φ (Λ,Ψ) = 3Ψ2 (Λ−Ψ) + 3Ψ (Λ−Ψ)

2
+ (Λ−Ψ)

3, indeed:

Ω (∆Λ + (1−∆)Ψ) = (∆Λ + (1−∆)Ψ)
3
= (∆ (Λ−Ψ) + Ψ)3

= Ψ3 + 3Ψ2∆(Λ−Ψ) + 3Ψ∆2 (Λ−Ψ)
2
+∆3 (Λ−Ψ)

3

= Ω(Ψ) +∆
[
3Ψ2 (Λ−Ψ) + 3Ψ∆(Λ−Ψ)

2
+∆2 (Λ−Ψ)

3
]

≤ Ω(Ψ) +∆
[
3Ψ2 (Λ−Ψ) + 3Ψ (Λ−Ψ)

2
+ (Λ−Ψ)

3
]

= Ω(Ψ) +∆φ (Ω (Λ) ,Ω(Ψ)) .

Example 6.2. Suppose Ω : [Λ,Ψ] → R, 0 < Λ < Ψ, with Ω (x) = 2. We obviously see that Ω is a
φ-quasi-convex with φ (Λ,Ψ) = Λ−Ψ.

7 Conclusion

Inequalities play a crucial role in various branches of mathematics and beyond. Several au-
thors developed the Newton type inequalities using fractional operators and different convexities.
Firstly, we have obtained new error bounds and given refinement to Newton-type inequality that
will inspire many authors to proved and formulation of new inequalities. Secondly, we have es-
tablished the new identity via Caputo-Fabrizio fractional integral operator. Employing this new
identity of perturbed Newton-type inequalities for the s-φ-convex, and φ-quasi-convex functions.
Simpson-type inequality is said to be Simpson’s second formula if it consists of four points. Based
on this identity, we have introduced the refinement of Simpson’s second formula. Moreover, we
also include the applications for some special means. In the future, scholars may expand mthis
workwithmodified convexity and other fractional operators e.g Riemann-Liouville (RL), Caputo-
Fabrizio (CF), Atangana-Baleanu (AB) and the Grunwald-Letnikov (GL)).
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